COUNTING PRIME ORBITS IN SHRINKING INTERVALS
FOR EXPANDING THURSTON MAPS

ZHIQIANG LI AND XTANGHUI SHI

ABSTRACT. We establish a local central limit theorem for primitive periodic orbits of expanding
Thurston maps, providing a fine-scale refinement of the Prime Orbit Theorem in the context of non-
uniformly expanding dynamics. Specifically, we count the number of primitive periodic orbits whose
Birkhoff sums for a given potential lie within a family of shrinking intervals. For eventually positive,
real-valued Holder continuous potentials that satisfy the strong non-integrability condition, we derive
precise asymptotic estimates. In particular, our results apply to postcritically-finite rational maps
whose Julia set is the whole Riemann sphere.
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1. INTRODUCTION

Periodic orbits serve as the skeleton of chaotic dynamics, encoding essential information about
the system’s long-term behavior. A fundamental objective in this field is counting these orbits,
a problem analogous to the Prime Number Theorem in number theory. Recently, the dynamical
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counterpart—the Prime Orbit Theorem—was successfully established for expanding Thurston maps
[LZ24a, LZ24q], which serve as topological models for postcritically-finite rational maps. While this
answers the question of “how many” orbits exist, it leaves open the more subtle question of “how they
are distributed” with respect to statistical observables. Understanding this fine-scale distribution is
crucial for characterizing the fluctuations inherent in the system.

In this paper, we investigate the asymptotic distribution of primitive periodic orbits restricted to
shrinking intervals for expanding Thurston maps. We count orbits whose Birkhoff sums for a given
potential lie within a prescribed family of shrinking intervals. we obtain a precise asymptotic formula
for the number of these constrained orbits, which resemble a local central limit theorem. Unlike the
central limit theorem, which describes the distribution of Birkhoff sums on the scale of \/n, the local
central limit theorem can probe the density at a given point. Our main result refines the coarse
counting of the Prime Orbit Theorem [LZ24a] for expanding Thurston maps.

The problem of counting orbits in shrinking intervals has been successfully addressed for uniformly
expanding systems. For instance, Petkov and Stoyanov [PS12] investigated the distribution of closed
orbits for hyperbolic flows, and Sharp and Stylianou [SS22] studied the multipliers and holonomies for
hyperbolic rational maps. However, these results rely heavily on the hyperbolicity and smoothness of
the underlying systems. The context of non-uniformly expanding dynamics, particularly for branched
covering maps, remains largely unexplored. To the best of our knowledge, our work is the first to
address this problem in such a setting.

1.1. Main results. Let f: S?> — S? be an expanding Thurston map and ¢: S> — R be a real-
valued Holder continuous function. The topological 2-sphere S? is equipped with a wvisual metric d
(see Section @ for details). A periodic orbit 7 = {z, f(z),..., f* }(x)} (where f"(z) = z) is called
primitive if f™(x) # x for each integer m with 1 < m < n. We denote the set of primitive periodic
orbits of f by B(f). For each 7 € B(f), we write ¢(7) = > . o(x).

In this article, we investigate the asymptotic distribution of primitive periodic orbits subject to
constraints on their Birkhoff sums. Specifically, for a given number o € R and a sequence {I, },en
of intervals contained in a compact set K C R, we study the asymptotic behavior of

Tre(n; o, I) = card{T € By (f) : (1) — na € I,,}

as n — +oo, where B, (f) = {7 € B(f) : |[7| =n}.

To obtain precise estimates, we impose specific conditions on the potential ¢ and the sequence
{In}nen. We assume that_¢ is eventually positive and satisfies the strong non-integrability condition
(see Definitions .11 and ). Furthermore, denoting the length of I,, by |I,,|, we assume that the
sequence {]In|_1}n€N exhibits sub-exponential growth, i.e., limsup,,_, . = log(|Z,|™!) = 0.

We write A(n) ~ B(n) as n — +o0 if lim,, 100 A(n)/B(n) = 1.

Theorem 1.1. Let f: S? — S? be an expanding Thurston map and d be a visual metric on S? for
f. Let g € (0,1] and ¢ € CY98(S2,d) be an eventually positive real-valued Holder continuous function
satisfying the [(-strong non-integrability condition (with respect to f and d). Then there exists a
unique positive number sy > 0 with topological pressure P(f,—so¢) = 0 and there exists Ny € N
depending only on f such that for each N € N with N > Ny, the following statement holds for the

iterate F == fN and the potential ® = Zij\ial do fi:
Denote o = L P(F, t®)|;=_, and o = \/ 4 P(F,1®)|——s,. Let {I,}nen be a sequence of intervals

a2
contained in a compact set K C R with {u”‘_l}neN having sub-exponential growth. Then

f[ eSot d¢ esooan
n

V2ro  nd/?

Recall that a postcritically-finite rational map is expanding if and only if it has no periodic critical
points (see [BM17, Proposition 2.3]). Therefore, when we restrict our attention to rational maps, we
obtain the following corollary of Theorem and Remark R.3.

mre(n; o, Iy) ~ as n — +o00.
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Corollary 1.2. Let f: C—Cbea posteritically-finite rational map without periodic critical points.
Let o be the chordal metric or the spherical metric on the Riemann sphere C, and ¢ € COP ((C,U)
be an eventually positive real-valued Hélder continuous function with exponent B € (0,1] satisfying
the B-strong non-integrability condition (with respect to f and a visual metric). Then there erists
a unique positive number so > 0 with topological pressure P(f,—sop) = 0 and there exists Ny € N
depending only on f such that for each N € N with N > Ny, the following statements hold for
F=fNand ® = Z?;Blgbofi:

Denote o = L P(F, t®)|;—_s, and o = \/%P(F, t®)|i=—s,- Let {In}nen be a sequence of intervals
contained in a compact set K C R with {‘In‘_l}nGN having sub-exponential growth. Then

f[n esot d¢ esoan
Voro n3/?

1.2. Strategy and organization. Our approach relies on a combination of thermodynamic formal-
ism and operator theory, specifically adapted to the branched covering setting.

The main technical obstacle in studying Thurston maps is the presence of critical points, which
disrupts the functional analytic properties of the standard Ruelle transfer operator. To overcome this,
we employ the split Ruelle operators introduced in [LZ24c¢]. The idea is to decompose the sphere
into “black” and “white” tiles (based on a checkerboard coloring induced by an invariant Jordan
curve) and define a pair of operators acting on functions supported on these tiles. This construction
effectively “unfolds” the singularities, allowing us to recover good spectral properties.

To obtain the precise asymptotics required for the local central limit theorem, we need to con-
trol the decay of the characteristic function of the Birkhoff sums. In terms of operator theory,
this translates to bounding the spectral radius of the twisted transfer operator L4 as the com-
plex parameter s moves along the imaginary axis. The detailed estimates are separated into three
parts: the unbounded part, the bounded part, and the local part. For the unbounded part, we
employ Dolgopyat-type estimates for the split Ruelle operators established in [LZ24¢]. This requires
checking a strong non-integrability condition (Definition ), which in particular implies that the
potential is not cohomologous to a constant. For the bounded part, we employ Ruelle’s estimate (see
Appendix @) For the local part, we employ the complex Ruelle-Perron—Frobenius theorem [Pol84,
Theorem 2] and arguments in [PP90].

Finally, to count orbits in intervals I,,, we approximate the indicator function 17, by smooth test
functions. We then apply Fourier transforms to relate the smoothed count to partition functions,
which allows us to apply the established decay estimates.

mre(n; o, Ipy) ~ as n — —+o0o.

The paper is organized as follows. In Section E, we fix our notation, review fundamental concepts
from thermodynamic formalism, and recall key results from the theory of expanding Thurston maps.
In Section B, we collect the main assumptions used throughout the paper. The technical core of the
paper is Section |, where we employ previous results and derive crucial decay estimates for associated
partition functions. These estimates are then used in Section B to prove Theorem [L.1l.

2. PRELIMINARIES

2.1. Notation. Let C be the complex plane and C be the Riemann sphere. For each complex number
z € C, we denote by Re(z) the real part of z, and by Im(z) the imaginary part of z. The symbol i
stands for the imaginary unit in the complex plane C. We follow the convention that N = {1,2,3,...}
and Ny = {0} UN. We denote by R>q the set of non-negative real numbers. The cardinality of a set
A is denoted by card(A).

Consider complex-valued functions u, v, and w defined on R and a € RU{xo0c0}. We write u(x) ~
v(z)asz — aiflim,_,, % =1, and write u(z) = v(z)+O(w(x)) as x — a if limsupx%a‘%‘ <
+00. We use the same notation for discrete variables.
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Let f: X — X be a map on a set X. The inverse map of f is denoted by f~. We write f" for
the n-th iterate of f, and f=" := (f*)~!, for n € N. For n € N, we denote by

Fix(f") ={z e X : f"(z) =z}

the set of fixed points of f". For a real-valued function ¢: X — R, we write
n—1
Snp(x) = Shp(x) =Y o(f(x))
=0

for x € X and n € Nyg. We omit the superscript f when the map f is clear from the context. We
adopt the convention that Spp = 0.

Let (X,d) be a compact metric space. For each subset Y C X, we denote the diameter of Y by
diamgy(Y) = sup{d(z,y) : =, y € Y} and the characteristic function of Y by 1y. We denote by C(X)
(resp. C(X,C)) the space of real-valued continuous functions from X to R (resp. complex-valued
continuous functions from X to C). For ¢ € C(X), we denote by supp ¢ the support of ¢. If we do
not specify otherwise, we equip C'(X) and C'(X,C) with the uniform norm ||-||s. For ¢ € C(X,C),
we denote

[¥lg = sup{le(x) — (y)l/d(x,y)" s 2.y € X, @ # y},
and the Holder norm of v is defined as |[9||cos = |¥|g + ||¢[[c- The space of real-valued (resp.

complex-valued) Holder continuous functions with an exponent 3 € (0,1] on (X,d) is denoted by
C%%(X,d) (resp. C%8((X,d),C)), which consists of continuous functions with finite Hélder norm.

2.2. Thermodynamic formalism. We first review some basic concepts from ergodic theory and
dynamical systems. For more detailed studies of these concepts, we refer the reader to [KH95,
Chapter 20] and [Wal82, Chapter 9].

Let (X, d) be a compact metric space and g: X — X a continuous map. Given n € N,
dg(z,y) = max{d(¢"(z),g*(y)) : k€ {0,1,...,n—1}}, fora,ye X,

defines a metric on X. A set F' C X is (n, €)-separated (with respect to g), for some n € N and € > 0,
if for each pair of distinct points z, y € F', we have d (z,y) > €.

For each real-valued continuous function 1 € C'(X), the following limits exist and are equal, and
we denote these limits by P(g,) (see e.g. [KH95, Subsection 20.2)):

1 1
P = lim li —log N, = lim liminf — log NV,
(2.1) (9,9) = limy limsup = log Na(g, %, &,n) = lim, lim inf ->log Nu(g, ¥, &, ),
where
Ny(g,v,e,n) = Sup{z exp(Snw(:n)) : E C X is (n,e)-separated with respect to g}.
zel

We call P(g,) the topological pressure of g with respect to the potential 1. The quantity hiop(g) =
P(g,0) is called the topological entropy of g. The topological pressure P(g,1) depends only on the
topology of X (see e.g. [KH95, Subsection 20.2]).

Let M(X, g) be the set of g-invariant Borel probability measures on X. Let u € M(X,g). We say
g is ergodic for p (or p is ergodic for g) if for each set A € B with g71(A) = A we have u(A) =0 or
w(A) = 1.

For each real-valued continuous function ¢ € C(X), the measure-theoretic pressure P,(g,v) of g
for the measure p € M(X,g) and the potential ¥ is

(2.2) Pu(9,9) = hylg) + / Py,

where h,(g) is the measure-theoretic entropy of g for p.
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The topological pressure is related to the measure-theoretic pressure by the so-called Variational
Principle. 1t states that (see e.g. [KH95, Theorem 20.2.4])

(2.3) P(g,9) = sup{Pu(g,¥) : p € M(X, 9)}
for each ¢ € C(X). In particular, when % is the constant function 0,
(2.4) htop(9) = sup{h,(9) : p € M(X, g)}.

A measure p that attains the supremum in (@) is called an equilibrium state for the map g and the
potential ©). A measure u that attains the supremum in (R.4) is called a measure of maximal entropy
ofg. N
Let X be another compact metric space. If u is a measure on X and the map 7: X — X is
continuous, then the push-forward m.p of p by 7 is the measure given by m,pu(A) = ,u,(7r*1(A)) for

all Borel sets A C X.

2.3. Thurston maps. In this subsection, we go over some key concepts and results on Thurston
maps, and expanding Thurston maps in particular. For a more thorough treatment of the subject,
we refer to [BM17, Lil7].

Let S? denote an oriented topological 2-sphere and f: S? — S? be a branched covering map. We
denote by degs(z) the local degree of f at x € S2. The degree of f is deg f = erf )degf(x) for
y € S? and is independent of y.

A point € §? is a critical point of f if degy(z) > 2. The set of critical points of f is denoted by
crit f. A point y € S? is a postcritical point of f if y = f™(x) for some z € crit f and n € N. The set
of postcritical points of f is denoted by post f. We observe that post f = post f™ for all n € N.

Definition 2.1 (Thurston maps). A Thurston map is a branched covering map f: S — S? on S?
with deg f > 2 and card(post f) < +oo.

We now recall the notation for cell decompositions of S? as used in [BM17] and [Lil7]. A cell of
dimension n in S?, n € {1, 2}, is a subset ¢ C S? that is homeomorphic to the closed unit ball B™
in R™, where B™ is the open unit ball in R™. We define the boundary of ¢, denoted by OJc, to be the
set of points corresponding to OB" under such a homeomorphism between ¢ and B". The interior
of ¢ is defined to be inte(c) = ¢\ dc. For each point z € S?, the set {z} is considered as a cell of
dimension 0 in S2. For a cell ¢ of dimension 0, we adopt the convention that dc = () and inte(c) = c.

Let f: S? — S? be a Thurston map, and C C S? be a Jordan curve containing post f. Then the
pair f and C induces natural cell decompositions D"(f,C) of S?, for each n € Ny, in the following
way:

By the Jordan curve theorem, the set S2 \. C has two connected components. We call the closure
of one of them the white 0-tile for (f,C), denoted by X0, and the closure of the other one the black
0-tile for (f,C), denoted be XO The set of 0-tiles is X°(f,C) == {X¢, Xp}. The set of 0-vertices is

VO(f,C) = post f. We set V = {{a:} r e VO(f.C } The set of 0-edges E°(f,C) consists of
the closures of the connected components of C \ post f. Then we get a cell decomposition

D°(f,€) = X"(f,C) UE*(£,0) UV"(£.C)
of S? consisting of cells of level 0, or 0-cells.

We can recursively define the unique cell decomposition D™(f,C) for n € N, consisting of n-
cells, such that f is cellular for (D"™!(f,C),D™(f,C)). See [BM17, Lemma 5.12] for details. We
denote by X"(f,C) the set of n-cells of dimension 2, called n-tiles; by E"(f,C) the set of n-cells of
dimension 1, called n-edges; by V' (f,C) the set of n-cells of dimension 0; and by V"(f,C) the set
{z:{z} € V'(£,0)}, called the set of n-vertices.

For n € Ny, we define the set of black n-tiles as

Xp(f,0) = {X e X"(f,C) : f"(X) =Xy},



6 ZHIQIANG LI AND XTANGHUI SHI

and the set of white n-tiles as
Xy (£,€) = {X e X"(£,0): ["(X) = Xp}.

From now on, if the map f and the Jordan curve C are clear from the context, we will sometimes
omit (f,C) in the notation above.
We can now give a definition of expanding Thurston maps.

Definition 2.2 (Expansion). A Thurston map f: S? — S? is called expanding if there exists a metric
d on S? that induces the standard topology on S? and a Jordan curve C C S? containing post f such
that
(2.5) lim max{diam,(X) : X € X"(f,C)} = 0.
n—-+00

For an expanding Thurston map f, we can fix a particular metric d on S? called a visual metric
for f. For the existence and properties of such metrics, see [BM17, Chapter 8|. For a visual metric
d for f, there exists a unique constant A > 1 called the expansion factor of d (see [BM17, Chapter 8]
for more details).

Remark 2.3. If f: C — C is a rational expanding Thurston map, then a visual metric is quasisym-
metrically equivalent to the chordal metric on the Riemann sphere C (see [BM17, Theorem 18.1 (ii)]).

. N s . L 2|z—w|
Here the chordal metric ¢ on C is given by o(z,w) = TR EATeE for all z, w € C, and
0(00,2) = o(z,00) = for all z € C. Quasisymmetric embeddings of bounded connected

Vit | 2
metric spaces are Holder continuous (see [Helol Section 11.1 and Corollary 11.5]). Accordmgly7
the classes of Hélder continuous functions on C equipped with the chordal metric and on S? = C
equipped with any visual metric for f are the same (up to a change of the Holder exponent).

A Jordan curve C C S? is f-invariant if f(C) C C. We are interested in f-invariant Jordan
curves that contain post f, since for such a Jordan curve C, we get a cellular Markov partition
(Dl(f,C),DO(f,C)) for f. According to Example 15.11 in [BM17], such f-invariant Jordan curves
containing post f need not exist. However, Bonk and Meyer [BM17, Theorem 15.1] proved that there
exists an f"-invariant Jordan curve C containing post f for each sufficiently large n depending on f.
A slightly stronger version of this result was proved in [Lil6, Lemma 3.11], and we record it below.

Lemma 2.4 (Bonk & Meyer [BM17]; Li [Lil6]). Let f: S% — S? be an expanding Thurston map,
and C C S? be a Jordan curve with post fC C. Then there exists an integer N(f, ) € N such that

for each n > N(f, C) there exists an f"-invariant Jordan curve C isotopic to C rel. post f such that
no n-tile in X”(f,C) joins opposite sides of C.

The phrase “joining opposite sides” has a specific meaning in our context.

Definition 2.5 (Joining opposite sides). Fix a Thurston map f with card(post f) > 3 and an f-
invariant Jordan curve C containing post f. A set K C S? joins opposite sides of C if K meets two
disjoint 0-edges when card(post f) > 4, or K meets all three 0-edges when card(post f) = 3.

Recall that card(post f) > 3 for each expanding Thurston map f [BM17, Lemma 6.1].

2.4. Symbolic dynamics for expanding Thurston maps. In this subsection, we briefly review
the dynamics of one-sided subshifts of finite type. We refer the reader to [Kit98] for a beautiful
introduction to symbolic dynamics. For a discussion of results on subshifts of finite type in our
context, see [PP90, Bal00].

Let S be a finite non-empty set and A: S x S — {0, 1} be a matrix whose entries are either 0 or
1. We denote the set of admissible sequences defined by A by

Ej = {{zi}ien, : @i € S, A(xs,xi41) = 1, for each i € Np}.
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Given 7 € (0,1), we equip the set X with a metric d, given by
(2.6) dr({7i}ieng, {¥itieny) = 7™ for {zi}ieny # {¥itieno,

where m is the smallest non-negative integer such that x,, # y.,,. The topology on the metric space
(EJAT, dT) coincides with that induced from the product topology, and is therefore compact.

The left-shift operator o4: X — £} (defined by A) is given by
oa({zi}ien,) = {zis1tien,  for {zi}ien, € 3.

The pair (EX,JA) is called the one-sided subshift of finite type defined by A. The set S is called
the set of states and the matrix A: S x S — {0, 1} is called the transition matriz. In particular, if
all entries of the transition matrix A are 1, we call o: X7 — X7 a one-sided shift map on card(S)
symbols, where o = g4 and ¥ = £} = SMo,

For a complex-valued continuous function ¢ € C(ZJAF,C), the Ruelle operator Ly : C’(ZX,C) —
C(EX, C) is defined by

(2.7) (Lyuw)(@) = > e"Wuy)

-1
YEo 4 (z)

for u € C(EX,C) and x € ZZ.

We say that a one-sided subshift of finite type (Ej, o A) is topologically mizing if there exists N € N
such that A"(z,y) >0 foralln > N and z, y € S.

Let X and Y be topological spaces, and G: X — X and g: Y — Y be continuous maps. We say
that the topological dynamical system (Y, g) is a factor of the topological dynamical system (X, G)
if there is a surjective continuous map 7: X — Y such that rToG =gon. Suchamap 7: X — Y is
called a semi-conjugacy or factor map.

The following proposition, combining results from [LZ244, Propositions 3.31 and 5.5], constructs a
Holder continuous semi-conjugacy from a one-sided subshift of finite type to an expanding Thurston
map, using a coding based on tiles.

Proposition 2.6 (Li & Zheng [LZ24a]). Let f: S? — S? be an ewxpanding Thurston map with a
Jordan curve C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S? for f. We
set Sy == XI(f,C), and define a transition matriz Ap: Sy x Sy — {0, 1} by

i f(X) 2 X,

0 otherwise

AN(X, X' = {

for X, X' € S5. Then the dynamical system (SQ, f) is a factor of the one-sided subshift of finite type
(ZXA,JAA) defined by the transition matrix A, with a surjective and Hélder continuous factor map
A EJAfA — 52 given by
(2.8) ma({Xitieny) =2, where {x} = (1] f7H(X)).

1€Ng

Here EXA is equipped with the metric d, defined in (@) for some constant T € (0,1), and S? is
equipped with the visual metric d. Moreover, (EZA,O'AA) is topologically mixing, ma is injective on
72 (S N Usen, £ 7(C)), and P(oa,, 0 ms) = P(f,4) for each v € C™(S?,d).

Remark 2.7. By [Lil8, Lemma 5.10], the transition matrix A, in Proposition @ is primitive.
Recall that a matrix A is called primitive if there exists n € N such that all entries of A™ are positive.

The symbolic model in Proposition @ is based on coding by tiles. We next recall from [LZ24a]
the construction of two subshifts of finite type based on the dynamics on an invariant Jordan curve.
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Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying f(C) C C
and post f C C. Define the set of states S, := {e € E}(f,C) : e C C} and the transition matrix
A:S xS —{0,1} by
1 if f(er) 2 e
0 otherwise

(2.9) A‘(el,eg) = {

for e1,e0 € S,.
Define the set of states S, :== {(e,c) € E}(f,C) x {b,w} : e CC}. For each (e, c) € S, we denote
by X!(e,c) € X(f,C) the unique 1-tile satisfying
(2.10) e C X'(e,c) C X0
We define the transition matrix 4,: S, x S, — {0,1} by
1 if f(e1) 2 eg and f(Xl(el,cl)) D X1(e, c0);
0 otherwise

Ai((e1,c1), (e2,¢2)) = {

for (e1,c1), (e2,¢2) € S,
We will consider the one-sided subshift of finite type (Zz‘,a A‘) defined by the transition matrix
A, and (Ejl”, o A”) defined by the transition matrix A,, where

EJATI = {{ei}ien, : € € S and A (e;,e;+1) =1 for each i € Ny},
EXH = {{(62‘, Ci)}iENo : (62‘, Ci) € 8” and A“((ei, Ci), (ei+1,ci+1)) =1 for each 7 € No},

and the maps o4, : EZ — EJAfl and o4 : Ej” — Ezl are the corresponding left-shift operators.

The following proposition from [LZ24a, Proposition 6.1] shows that the dynamics of f on the
invariant Jordan curve C is a factor of the edge-based symbolic dynamics defined above.

Proposition 2.8 (Li & Zheng [LZ24a]). Let f: S? — S? be an expanding Thurston map with a
Jordan curve C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S? for f. Let
(EZA,UAA) be the one-sided subshift of finite type associated to f and C defined in Proposition 2.4,

and let ma: EXA — S? be the factor map defined in (@) Fiz 7 € (0,1) and equip the spaces Zjl

and E:{” with the metric d, defined in (@) We write V(f,C) = U;en, Vi(f,C). Then the following
statements hold:

(i) (EX,UAI) is a factor of (EXH,UAH) with a Lipschitz continuous factor map m,: X7}
defined by

(2.11) T ({(es, ¢i) Yieng) = {ei}ien,
for {(ei, ci) }ien, € ZZ.' Moreover, for each {e;}ien, € EZ‘, we have
card(m‘_l({ei}ieNO)) = 2.
(ii) (C, flc) is a factor of (Z‘X,UAI) with a Holder continuous factor map ,: EX — C defined by

(2.12) m({ei}ien,) =z, where {z} = ﬂ 7 es)

i€Ng

+
_>EA.

for {ei}ien, € EX‘. Moreover, for each x € C, we have

1 ifzeC~V(f,0C),

(2.13) card(ﬂ\_l(x)) - {2 ifr € CNV(f,C).

IThe existence and uniqueness of such a tile X' (e, c) defined by () follow immediately from the properties of
the cell decomposition (cf. [BM17, Proposition 5.16 (iii), (v), and (vi)]) and the assumptions that f(C) C C and e C C.
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Thus, we have the following commutative diagram:

™ ™

EZH zjl‘ C
l%. L’A‘ Jf le
) il b)) ..

2.5. Ergodic theory of expanding Thurston maps. We summarize the existence, uniqueness,
and basic properties of equilibrium states for expanding Thurston maps in the following theorem.

Theorem 2.9 (Li [Lilg]). Let f: S? — S? be an ewpanding Thurston map and d a visual metric
on S% for f. Let ¢,y € COP (Sg,d) be real-valued Holder continuous functions with an exponent
B € (0,1]. Then the following statements hold:

(i) There exists a unique equilibrium state pi4 for the map f and the potential ¢.
(ii) For each t € R, we have %P(f, ¢+ ty) = [vdpgrey-
ii)

(iii) Let puy be the unique equilibrium state for f and . Then pg = p if and only if there exist a
constant K € R and a continuous function u € C(SQ) such that p —v =K +uo f —u.

Let T: X — X be a map on a topological space X and 1: X — R be a real-valued function on
X. We say that 1 is cohomologous to a constant in C(X) if there exist C' € R and v € C(X) such
that v = C +uoT —u.

Lemma 2.10. Under the assumptions and notation of Proposition @, let ¢ € COB (SQ,d) and
TS M(ZXA,UAA) be the equilibrium state for the map o4, and the potential ¢ o mn. Denote
poi= (mp)spt. Then hy(f) = hu(oa,) and p is an equilibrium state for f and ¢. Moreover, ¢ is
cohomologous to a constant in C’(S’Q) with respect to f if and only if ¢ o wa is cohomologous to a
constant in C(ZL) with respect to o4, .

Proof. Let E = UieNO f74(C) and E = wgl(E). To deduce that h,(f) = hg(oa,), it suffices to
show u(E) = fi(E) = 0. Indeed, by Proposition @, the restriction of 7, to the subset ;' (S% \
E) = EXA < E is a bijection from EJAfA < E onto §2 \ E. If u(E) = (E) = 0, then 7, is a
measurable isomorphism between the systems (EXA,O' A A,,TI) and (52, 1, ,u) (modulo sets of measure
zero). Since measure-theoretic entropy is invariant under measurable isomorphism, it follows that
huf) = h(oa,).

We argue by contradiction and suppose that p(E) > 0. The equilibrium state p for the topo-
logically mixing subshift (Z:A,UAA) is ergodic (cf. [Bow75, Proposition 1.14]). Since 7, is a factor
map, the push-forward measure y is also ergodic. Since f(C) C C, we have f~1(F) = E. Then
ergodicity implies p(E) = 1. Furthermore, we can show that u(C) = 1. Indeed, since p is f-
invariant and f(C) C C, we have u(f~"(C)) = p(C) and C C f~"(C) for all n € Np, which imply
that pu(f™(C) ~C) = 0. Thus p(E ~C) =0, i.e., u(C) = 1. Consequently, ﬁ(wgl(C)) = 1. This
leads to a contradiction, as FZI(C) is a closed proper subset of ZXA, while the measure r must be
positive on every non-empty open set (as a consequence of the Gibbs property [Bow75, Theorem
1.2]). Therefore, we conclude that 0 = p(E) = ﬁ(E)

We now verify that p is an equilibrium state for f and ¢. Since u = (7)., we have [¢dp =
[ omydji. Using the entropy preservation hy,(f) = hj(0a,) and the pressure equality P(oa,,¢ o
7a) = P(f,®) from Proposition .6, we obtain that

P(f.6) = P(oa, 0 ma) = hn(oa,) + / bomsdfi = hy(f) + / ddp.

This implies that p is an equilibrium state for f and ¢.
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Finally, we establish the equivalence of the cohomological statements. The forward direction is
straightforward. For the converse, assume that ¢ o m, is cohomologous to a constant in C (ZXA).
By Proposition @, the subshift (E:ZA,O'AA) is topologically mixing. It is a classical result (see
[Bow75, Theorem 1.28]) that for such a system, the equilibrium state of a potential cohomologous
to a constant is the measure of maximal entropy. Thus, i is the measure of maximal entropy for
04,. The preservation of entropy implies that its pushforward p = (7,)./i is a measure of maximal
entropy for f. Since p is an equilibrium state for f and ¢, it follows from Theorem @ that ¢ is
cohomologous to a constant in C(Sz). This completes the proof. O

The potentials that satisfy the following property are of particular interest in the considerations
of Prime Orbit Theorems.

Definition 2.11 (Eventually positive function). Let g: X — X beamap on aset X, and ¢: X — R
be a real-valued function on X. Then ¢ is eventually positive if there exists N € N such that
Snp(z) > 0 for each z € X and each n € N with n > N.

The following result is a consequence of the properties of the pressure function. For a proof, see
[LZ244, Corollary 3.29].

Lemma 2.12 (Li & Zheng [LZ24a]). Let f: S? — S% be an expanding Thurston map, and d be a
visual metric on S? for f. Let ¢ € C%B (52, d) be an eventually positive real-valued Hélder continuous
function with an exponent 8 € (0,1]. Then the function t — P(f, —t¢), t € R, is strictly decreasing
and there exists a unique number sy € R such that P(f, —so¢) = 0. Moreover, sy > 0.

We recall the strong non-integrability condition from [LZ24d, Subsection 7.1].

Definition 2.13 (Strong non-integrability condition). Let f: S* — S? be an expanding Thurston
map and d be a visual metric on S? for f. Fix 8 € (0,1]. Let ¢ € o (SQ, d) be a real-valued Holder
continuous function with an exponent 5.

(1) We say that ¢ satisfies the (C, 3)-strong non-integrability condition (with respect to f and d),
for a Jordan curve C C S? with post f CC, if there exist
(a) numbers N, M € N, ¢ € (0, 1),

(b) M-tiles YM € XM (f,C), Y e XY (f,C)
such that for each ¢ € {b,w}, each integer m > M, and each m-tile X € X" (f,C) with
X C YCM , there exist two points x1, xo € X with the following properties:

(i) min{d(z1, 5%\ X),d(z2,5* \ X),d(z1,22)} > diamy(X), and
(ii) for each integer n > N, there exist two (n + M)-tiles XZ?LM, Xg;M € XntM(f C) such
that YM = f(X4M) = f(X75Y) and

|Snd(s1(21)) = Sud(sa(@1)) = Sud(<1(x2)) + Snd(s2(2))| = ed(w1, a2)°,
where we write ¢; == (f"|Xn‘+M)_1 for each i € {1,2}.

(2) We say that ¢ satisfies the -strong non-integrability condition (with respect to f and d) if ¢
satisfies the (C, )-strong non-integrability condition with respect to f and d for some Jordan
curve C C S? with post f C C.

(3) We say that ¢ satisfies the strong non-integrability condition (with respect to f and d) if ¢
satisfies the #’-strong non-integrability condition with respect to f and d for some 3’ € (0, 3.

The strong non-integrability condition is independent of the choice of the Jordan curve C (see
[LZ24d, Lemma 7.2]).
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Definition 2.14 (Partition function). Let g: X — X be a map on a topological space X. Let
p: X — C be a complex-valued function on X. Consider n € N. We define a partition function

Z§"5(): € = C (for (g,¢)) as

(2.14) ZiM(s) = > el sec

z€Fix(g™)

The primary tool employed in [Lil8] for developing the thermodynamic formalism for expanding
Thurston maps is the Ruelle operator. For our purposes in this paper, we require certain variants
of the Ruelle operator, called split Ruelle operators, which were introduced in [LZ24d]. The relevant
notions are recorded below.

Definition 2.15 (Partial split Ruelle operator). Let f: S? — S? be an expanding Thurston map,
C C S? a Jordan curve containing post f, and ¢ € C(S?,C) a complex-valued continuous function.
Let n € Ny, and E C S? a union of n-tiles in X"(f,C). We define an operator /Jq(pan C(E,C) —
C(XP,(C), for each ¢ € {b, 0}, by

(2.15) Lol ) = Y (M x) 7 ) exp(Suth ((Fxn) ")),
Xnexr
XnCE
for u € C(E,C) and y € X°. When E = X? for some 5 € {b,w}, we often write
() ._ p)
£w7c75 '_ Ew,c,XS'

For each ¢ € {b,w}, we define the projection m: C(XS,C) X C(Xg,@) — C(XP,(C) by
Wc(Ub,Um) = U, fOI' (uhvum) € C(XE?)(C) S C(Xr?]a C)
Definition 2.16 (Split Ruelle operators). Let f: S? — S? be an expanding Thurston map with a
Jordan curve C C S? satisfying f(C) C C and post f C C. Let d be a visual metric for f on S?, and
Y € C%P((82,d),C) a complex-valued Holder continuous function with an exponent 3 € (0,1]. The
split Ruelle operator L : C'(X[?) X C’(Xg) — C’(Xg) X C’(Xg) is defined by
1 1 1 1

(2.16) Ly (1, o) 1= (L3 6,618) + L 10 (t10)s Lty 6118 + L 10 (1))
for up € C(X[?,C) and uyp € C(X‘%,(C).

For all n € Ny, we write the operator norm

I, = sup{yym(m(uh,um))HCM cc € {b,w}, ug € C¥P((X0,d),C), [usflcos < 1,5 € {b,m}}.

3. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our theory in most parts of this paper.
We will repeatedly refer to such assumptions in the later sections. We emphasize again that not all
assumptions are assumed in all the statements in this paper.

The Assumptions.
(1) f:S? — S? is an expanding Thurston map.
(2) C C S? is a Jordan curve containing post f with the property that there exists an integer
ne € N such that f™¢(C) C C and f™(C) € C for each m € {1,2,...,n¢c — 1}.
(3) d is a visual metric on S? for f with expansion factor A > 1.
(4) B e (0,1]
(5) ¢ € C%P(S2,d) is an eventually positive real-valued Hélder continuous function with exponent

8.
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(6) so € R is the unique positive real number satisfying P(f, —so¢) = 0.

(7) @ = S P, 0)]iemso-
(8) g is the unique equilibrium state for the map f and the potential ¢.

Note that the uniqueness of sp in is guaranteed by Lemma . Furthermore, it follows from
Theorem and Definition @ that

o= /(;Sd,u_soqg > 0.

For a pair of f in and ¢ in , we will say that a quantity depends on f and ¢ if it depends on
S50-

Observe that by Lemma @, for each f satisfying (1), there exists at least one Jordan curve C
satisfying (2). Since for a fixed f, the number n¢ is uniquely determined by C in (2), in the remaining
part of the paper we will say that a quantity depends on C even if it also depends on n¢.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely determined by d
and f. We will say that a quantity depends on f and d if it depends on A.

In the discussion below, depending on the conditions we will need, we will sometimes say “Let f,
C, d, ¢ satisfy the Assumptions.”, and sometimes say “Let f and C satisfy the Assumptions.”; etc.

4. PRESSURE FUNCTION AND PARTITION FUNCTION ESTIMATES

In this section, we employ thermodynamic formalism and Ruelle operators to study the dynamics
of expanding Thurston maps and derive decay estimates needed for the main theorem. We first inves-
tigate some differential and analytic properties of the topological pressure function in Subsection {1},
then in Subsection we establish several decay estimates associated with the Ruelle operators and
partition functions.

4.1. The topological pressure function. We first introduce some terminology and then discuss
properties of the topological pressure function.

The following proposition establishes the analyticity and second derivatives of the topological
pressure function in suitable function directions by using the symbolic coding constructed in Propo-
sition and classical results from symbolic dynamics.

Proposition 4.1. Let f and d satisfy the Assumptions in Section B Let ¢, u, and v be Hoélder
continuous functions on S% with respect to d. Let le be the unique equilibrium state for f and ¢.
Then the following statements hold:

(i) The function P(f,¢+-u): R — R is real-analytic. Moreover, there exists an open set W C C
with R C W such that P(f,¢ + -u) extends to a complex-analytic function on W.

(i)
(41 T p(f.6+t — i 1/5 /d s /d d
) ) 0sot f7 (b tiut S’U) ’t:s:() - nj)liir»loo n n — N [ Uudle nU — N [ Vdlg U

In particular,

d? 1 2
Ui¢(u) = @P(f,d)—f—tu)‘ = lim /(Snu—n/ud,u¢> dprg.

t=0 n—+oo N

Moreover, ai¢ (u) = 0 if and only if there exists w € C(S?) such that u = [udugs+wo f —w.

Proof. We reduce the general case to one where the map possesses an invariant Jordan curve, thereby
permitting the use of symbolic dynamics. By Lemma P.4, we may take a sufficiently high iterate
F := fK that admits an F-invariant Jordan curve C C S? containing the postcritical set post F =
post f. The map F is then an expanding Thurston map for which d is a visual metric (cf. [BM17,
Proposition 8.3 (v)]). We fix this integer K, map F, and curve C.
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Applying Proposition @ to F and C, we denote the corresponding one-sided subshift of finite
type by (X1, 0) and the factor map by 7: ¥t — S2. Fix 7 € (0,1) and equip the space ¥ with the
metric d, defined in (@) Then moo = Fom, and P(F,y) = P(0,9 o) for each Hélder continuous
function ¢: $% — R (with respect to d). Here the lifted potential pom: X+ — R is Hélder continuous
with respect to the metric d; on X7

Denote @ = S{(gb, U = S{(u, and V = S{(U. Then ®, U, and V are Hoélder continuous with
respect to d since f is Lipschitz continuous with respect to d (cf. [Lil7, Lemma 3.12]).

Let ppo be the unique equilibrium state for F' and ®. Since P(F,®) = KP(f,¢) (cf. [Wal82,
Theorem 9.8 (i)]), it follows from P, (F,®) = KFP,,(f,¢) and the uniqueness of the equilibrium
state that ppe = .

By [PP90, Proposition 4.7], the function P(o,® o +-U om): R — R is real-analytic. Since
P(F,® +tU) = P(o,®om+tU o) and P(F,® + tU) = P(f¥X, St (¢ + tu)) = KP(f,¢ + tu) for
all t € R, we conclude that ¢t — P(f, ¢ + tu) is real-analytic, and thus extends to a complex-analytic
function on a neighborhood of R.

We first establish the formula (@) By [Bow75, Theorem 1.22], there exists a unique equilib-
rium state vgor € M(X1,0) for o and ® o w. Then it follows from [PU10, Theorem 5.7.4] that
2

080t

P(O’,<I>O7T+tUO7T+SVO7T)‘ .
t=s=

1
= lim /(SZ(UOW) —n/Uowduq)OW) <SZ(Vo7r) —n/Vowdyq>o7r> dvgor-
n——+oo N

Denote p = TuVgor € M(S?, F). Then by Lemma , we have p = pupo = pg. Since P(f, ¢ +tu+
sv) = %P(F,CD +tU +sV) and [pdp = [¢omdyge, for all ¢ € C(S?), we get

0 1 F F I =\ (qf

s PUhoturso)| = tim o [(SED)(SEV) dus = tim e [(810) (S1k7) dn
where U == U — [Udug and @ == u — [udpgs (and similarly for V and ). To establish (@), it
suffices to verify that limy,, % f(Sﬂ:ﬁZ) (Sﬂiﬁ) dpg exists.

For each m € N, we write m = nK +r with r € {0, ..., K —1}. We write Sia = Sf:Kﬁ—l—Em(ﬂ),
where the error term E,,(u) := S’,f(ﬂ o f) satisfies || Epn(t)]loo < K|l Then by the Cauchy—
Schwarz inequality, we obtain
1

mﬂ%@wmm%—;/@wm%ww%
’ / En(®)S] i dug + / En(@)ST 0 dpg + / By (W) B (D) d,%‘

< (Kuvuoou Dl 2 + KNl | ST 2,y + K Nillocl 1100 )-

2
Since limy, 40 nKHS KUHLQ(M ) = (‘litQP(f,¢>+tu)‘ o’ e have HS KUHL2 )= = O(y/n) as n — o
(and similarly for v). Since lim,,_,oc m/(nK) = 1, we conclude that

im - [ (852) (857) duo = i [ (81,7) (SL1c0) s

m—+oo m n—+00 N

Finally, the last statement follows from [DPTUZ21|, Theorem 1.2 (6)]. O

Theorem @ implies the analyticity and expansion of the pressure function with respect to the
imaginary part of the potential.

Lemma 4.2. Let f, d, ¢, so, « satisfy the Assumptions in Section B Let pi_gy4 be the unique
equilibrium state for the map f and the potential —sop. We assume that ¢ is not cohomologous to a
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constant in 0(5’2).7Den0te ¢ = ¢ — . Then there exist § > 0 and Cs > 0 such that the function
t— P(f,(—so+it)p): (=6,0) = C is complex-analytic, and for each t € (=6,9),

(4.2 [P(f, (=0 +0)3) — P(f, ~308) + 50°7| < Culil*,

where o > 0 is given by

d2
(4.3) o? = @P(f,w)\t: , = lim ! / (Sn¢ — na)? dp_syo-

S0 n—4oo n

Proof. By Proposition @ , there exists 61 > 0 with —sg € B(—s0,91) C Csuch that P(f,-¢): B(—sp,01) —
C _is complex-analytic. Recall that o = %P( f,tP)|t=—s,- Then it follows from Taylor’s formula and
(@) that there exist constants 6 € (0,0;] and Cs > 0 such that for each ¢t € (-9, 9),

[P(f, (~s0 +i6)6) — (P(f, ~s00) + 0t — 50*)| <

This implies (@) since P(f,(—so + it)¢) = P(f,(—s0 + it)¢) + (—so + it)a and P(f, —so¢) =
P(f,—s0¢) — soa. O

4.2. Decay estimates of the partition function. In this subsection, we investigate partition
functions and obtain several decay estimates to prove the main theorem. Our approach is inspired
by the recent work [LZ24a, LZ24d, LZ24b] on prime orbit theorems for expanding Thurston maps.

The following result proved in [LZ24d, Proposition 6.1] is a version of Ruelle’s estimate adapted
to our setting. The idea of the proof originated from Ruelle [Rue90].

Proposition 4.3 (Z. Li & T. Zheng [LZ24d]). Let f, C, d, A, B, &, so satisfy the Assumptions
in Section |. We assume that f(C) C C and no 1-tile in X'(f,C) joins opposite sides of C. Let
(EZA,UAA) be the one-sided subshift of finite type associated to f and C defined in Proposition
and let 7y : EZA — 82 be defined in (@)

Then for each § > 0 there exists a constant Ds > 0 such that for all integers n > 2 and k € N, we
have

(4.4) Soo max [1£%) (1) pos < Dsltm(s)| A exp(k(6 + P(f, — Re(s)9))).
XkeXk(f,C)

and

ZANNCED SEND SRV )

ce{b,w} XeX1(f,C)
(4.5) XCx?

< Djs|Im(s \ZmL_w l (A7 exp(8 + P(f, — Re(s)9)))™

for any choice of a point xx € inte(X) for each X € XY(f,C), and for all s € C with [Im(s)| > 2s¢+1
and |Re(s) — so| < s, where Z( n) 7¢Om(s) is defined in Definition .

We record [LZ24¢, Theorem 6.3] here, which establishes an exponential bound on the operator norm
of the split Ruelle operator. We remark that by [LZ24d, Proposition 7.3] and [LZ24a, Theorem F], if
¢ satisfies the strong non-integrability condition (Definition ), then ¢ is not cohomologous to a
constant in C(S?).

Theorem 4.4 (Z. Li & T. Zheng [LZ24d]). Let f, C, d, A, B, ¢, so satisfy the Assumptions in
Section B We assume that f(C) C C and ¢ satisfies the [5-strong non-integrability condition. Then
there exists a constant D' = D'(f,C,d,3,¢) > 0 such that for each € > 0 there exist constants

0c € (0,50), be > 250+ 1, and pe € (0,1) with the following property:
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For each n € N and each s € C satisfying |Re(s) — so| < 6. and |Im(s)| > b., we have
(4.6) L2 ol ; < D'[m(s)[ =l

We first study the partition function for the symbolic coding of an expanding Thurston map,
separating the estimates into unbounded and bounded cases based on the imaginary part of s.

In the unbounded case, the following estimate is a direct consequence of Proposition and
Theorem U.4. We adapt the strategy of [LZ24d, Proposition 6.4]; we include the proof for the sake
of completeness.

Proposition 4.5. Let f, C, d, A, 3, ¢, so satisfy the Assumptions in Section B We assume that ¢
satisfies the (-strong non-integrability condition, and that f(C) C C and no 1-tile in X1(f,C) joins
opposite sides of C. Let (ZA ,O’AA) be the one-sided subshift of finite type associated to f and C
defined in Proposition @ and let wa: E+ — S2 be defined in (@)

Then for each € > 0, there exist constants T > 1, Ch > 0, and pp € (0,1) such that for each
t e R\ (=T,T) and each integer n > 2, we have
2 oy (=50 +10)| < Cult*00

TAps ¢O7TA

(4.7)

Proof. Let 6 = %log(AB > 0. Fix an arbitrary € > 0. We choose T = b, > 1, where b. is the
constant from Theorem depending only on f, C, d, 8, ¢, and ¢.

Fix an arbitrary point zy1_¢& inte(X 1) for each X! € X!. Recall the definition of partial split
Ruelle operators in Definition (see also [LZ24d, Lemmas 5.3 and 5.7]). By applying the estimate
(@) from Proposition Y.3, for each n > 2 and each t € R~ (=T, T), we obtain the following bound:

Z Z Egﬁ)SoJrit)d),c,Xl(HXI)($X1)

ce{bw} xleX?
xtex?

PINDS

I =

Z L 50+1t ),c,c! (£E1)80+1t)¢ o, X1 (HXI)) (zx1)

ce{bw} X1cX!'c’e{b,w}
(4.8) xexy
L» (1)
m 50+1t)¢m5 ce%;m} e c,g%i(n}Hﬁ(_so-l-it)(ﬁ,c/7Xl(]].Xl) 0.8
xtexy?
m L¢ 50+1t)¢m D5|t|A_ﬁ exp(5 + P(f: _30¢))
= H‘Ln 1+1t)¢m D5|t|A_ﬂ/2,

where Ds > 0 is the constant given in Proposition @, which depends only on f, C, d, 3, ¢, and §.
Hence, by (R.14), the triangle inequality, (@) in Proposition @, (@), and Theorem {.4, we
deduce that for each n > 2 and each t € R~ (=T, 7T),

(n)
ZUZAJ?OTFA( 80+1t Z Z [' so+1t¢c,X1(1X1)('xX1)

ce{b,w} Xlex!?
xtcxy?

AR D S L, olll A2

Z™ (—%+ﬁﬂ<1+

TAp> @oma

Dg’t’ H‘Ln so+it) QSH

m=2

n
< D(;D/‘t‘2+s Z p?fmAf,Bm/2

m=1

< DsD' [t n(max{p., A2 })",
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where constants D’ > 0 and p. € (0, 1) are from Theorem @ depending only on f, C, d, 8, ¢, and ¢.
Therefore, we may choose constants

pn = %(1 +max{p., A%?}) € (0,1)

and
C, = DsD'sup{np}} < +o0
neN

to ensure that the estimate (@) holds. 0

We record the following result from [LZ24a, Theorem 6.8].

Theorem 4.6 (Li & Zheng [LZ24a]). Let f, C, d satisfy the Assumptions in Section B We assume
that f(C) C C. Let ¢ € C%P(S?,d) be a real-valued Hélder continuous function with exponent 3.
Recall the one-sided subshifts of finite type (ZJAFI,GA‘) and (EXH,UA.‘) constructed in Subsection

We denote by (V°, flyo) the dynamical system on VO := VO(f,C) = post f induced by f|yo: V¥ —
VO. Then the following relations between the topological pressure of these systems hold:

(i) P(f.) > P(flvo,elvo),
(11) P(faso) > P(f‘C)@’C) = P(UA"SOOT"I) = P(O’A”,QOOTI" 077\\)-

We record the following result from [LZ24a, Theorem 6.3].

Theorem 4.7 (Li & Zheng [LZ24a)). Let f and C satisfy the Assumptions in Section B We assume
that f(C) C C. Let (ZXA,JAA) be the one-sided subshift of finite type associated to f and C defined

in Proposition @, and let mx: ZL — 82 be the factor map defined in ( . Recall the one-sided
subshifts of finite type (EK,O’AI) and (ZXI,UAH) constructed in Subsection |2.4, and the factor maps
e EX‘ —C and m,: Ejg” — Ez defined in Proposition @ We denote by (VO, flyo) the dynamical

system on VO = VO(f,C) = post f induced by flyo: V° — VO. Then for each n € N and each
x € Fix(f™), we have

(4.9) degsn(r) = Ma,(w,n) — Ma, (2,n) + Ma (z,n) + Me(x,n),
where
My, (z,n) = card(Fix(c’}, ) N (),
My, (z,n) = card(Fix(c’y ) N (7 0om) (),
My (z,n) = card(Fix (o'} ) N, 1(1‘)),
Me(z,n) = card(Fix((f|]yo)") N {x}).

By definition, M4, (z,n) = My, (z,n) = 0 for all x ¢ C, and M,(z,n) = 0 for all x ¢ V°.

Lemma 4.8. Let X and Y be topological spaces, and let G: Y — Y and g: X — X be continuous
maps. If (X,g) is a factor of (Y,G) with a factor map w:Y — X, then for each n € N, we have
m(Fix(G™)) C Fix(¢"), and the set Fix(G™) of periodic points admits the decomposition
Fix(G") = |J (Fix(G")n= '(2)).
zeFix(g™)
Moreover, for each complez-valued function ¢: X — C, we have

Z eSne(m(v)) = Z card(Fix(G”) N 7'['_1(33)) ¢Sne()

yeFix(G™) z€Fix(gm)
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Proof. For each y € Fix(G") we have ¢"(n(y)) = 7(G"(y)) = m(y) since gonm = mo G. Thus
m(y) € Fix(¢"™), which establishes the inclusion 7 (Fix(G")) C Fix(¢").
The decomposition of Fix(G") follows directly. The inclusion D is trivial. For the reverse inclusion,
every y € Fix(G™) belongs to Fix(G™)N7~!(n(y)). Since 7(y) € Fix(g"), this set is part of the union.
The identity for the sum over periodic points is obtained by grouping terms according to the

decomposition:
Z eSne(m(y)) — Z Z eSne(m(y))
yeFix(G™) z€Fix(gn) yeFix(G™)Nr—1(z)
Since 7(y) = x for every y in the inner sum, this simplifies to
Z Z eSn#(@) = Z card(FiX(G") N Tr_l(x)) eSne(@)
z€Fix(g™) yeFix(G")Nr—1(x) z€Fix(gm)

This completes the proof. U

Lemma 4.9. Consider a finite set of states S and a transition matriz A: S x S — {0,1}. Let
(E:LO‘A) be the one-sided subshift of finite type defined by A, and ¢ € C’(EZZ) be a real-valued
continuous function. Then for each € > 0 there exists C = C(g) > 0 such that for alln € N,

(4.10) Z eSnvW) ¢ Cen(Ploa)te)
y€Fix(o7%)
Proof. Let n € N and Z,,(¢) = ZyeFix(ag) eSn¥W) . Any two distinct points in Fix(o7) must differ

in at least one of their first n coordinates, which implies that Fix(c") is an (n, 1)-separated set (see
Subsection R.2). Then it follows directly from the definition of topological pressure @) that

1
limsup — log Zn(¢) < P(0.0,1).

n—+oco N

Given ¢ > 0, this implies Z, (1)) < e™P(@a¥)+e) for all sufficiently large n. The claimed inequality
() for all n € N then follows by choosing a sufficiently large constant C' = C(eg) > 0. O

Lemma 4.10. Let f, C, d, ¢, sg satisfy the Assumptions in Section B We assume that f(C) C C
and no 1-tile in X1(f,C) joins opposite sides of C. Then there exist constants r € (0,1) and C > 0
such that for each n € N and each s € C with Re(s) = —sg, we have

|20(s) = 2 o (s)] < O,

UAA7¢07FA

Proof. Let s € C with Re(s) = —sp.
We begin by decomposing the partition function Zj(cnd))(s) into two terms:

(4.11) Z}n;(s) = Z deg pn (z)e*Snd®@) Z (deg pn () — 1)ess”¢(x).
z€Fix(fm) zeFix(fm)
Substituting the expression ( in Theorem @ for the local degree degn (x) transforms the first
sum on the right-hand side of () into
Z (MAA (x,n) — My, (x,n) + Ma (z,n) + Mo(z, n))eSS"¢(I).
zeFix(f™)

By Lemma @, this sum can be expressed_in terms of the associated symbolic systems via the factor
maps mu, m o, and 7 (cf. Propositions and R.§), yielding

Z(n) (s) — Z eSSnd(momi(y)) | Z e¥Snd(m(v)) 4 Z e5Sn ()

TAp> PO
yeFix(aZH) yEFix(JXI) xeFix((f|Vo)")
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Collecting all terms, we obtain the decomposition

Z70(5) = 2 o (5) = Tn(s) = Ty (s),

Ay, POTA
where
L,(s) = Z (deg pn () — 1)€SS”¢(I)
z€Fix(fn)
and

Hn(S) — Z 6skS'nqSo7r‘o7r‘.(y) _ Z 635n¢07ﬂ(y) _ Z essnd)(a;)‘

yeFix(o7 ) y€Fix(7 ) zeFix((fly0)™)

It remains to show that |I,,(s)| and |II,,(s)| are bounded by terms that decay exponentially in n.
We first estimate |I,,(s)|. The only non-zero terms in the sum defining I,,(s) correspond to periodic

points x with deg¢n (x) > 1, which are necessarily contained in the postcritical set VO = post f. To

analyze these terms, we introduce some notation. For a primitive periodic orbit 7 € P(f), we write

lf o(7) = Zgb(y) and degy(7) = Hdegf(y).

yeT YyeT

Define P> (f|yo) = {r € P(f|yo) : degy(r) > 1}, which is a finite set since V? is finite. For each
7 € P7(f|vo), we define

7 = degy(r)e o),
and let

— 1/|7]
= max .
T€P>(flyo) T

A key claim in the proof of Theorem D in [LZ24a, p. SQ]E establishes that n, < 1 for all 7 € P~ (f|yo),
which implies that € (0, 1).

Now, consider a point x € Fix(f") with deg ¢n () > 1. Then x belongs to a primitive periodic
orbit 7, € P~ (f|yo) of period k := |7,|, and n must be a multiple of k, say n = mk for some m € N.
Thus deg s (7) = (deg (7)™ and Spe(x) = mly 4(72), which yields

deg n (z)e 050 = (deg (7)ol ()™ = it < ()™ =,
This implies that
‘In(s)‘ < Z (degfn (x) _ 1)6750571(?7(93)
z€Fix(fm)

= Z (deg pn () — 1)€_SOS"¢($) < card(VO)p™.

x€Fix(f?)NVO
degfn (fl')>1

This establishes a desired exponential bound for |I,,(s)].
We next estimate |II,,(s)|. Recall from Theorem W.6 that P(f|yo, —so¢|vo) < P(f, —so¢) = 0 and

P(O-Am _50¢ om o 77\\) = P(O’A‘, _SOQZ) o 7T|) = P(f|C7 _50¢|C) < P(fv _50¢) =0.

This allows us to choose § > 0 sufficiently small such that

P(fle, =s00lc) +0 < =6 and  P(flvo, =s0d|vo) +6 < —6.

2The proof relies on the assumption that no 1-tile in X' (f,C) joins opposite sides of C.
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Thus by Lemma @ and (@), there exist constants Cy,Co, C3 > 0 such that for all n € N,
|Hn(8)| < Z e—soSn¢omo7ru(y) + Z e—soSn<75om(y) + Z e—sganb(x)
yEFix(aZH) yEFiX(Uz‘) xEFix((f\vo)”)
< Clen(P(UAu’_50¢°”\°”\\)+5) + CQGR(P(UA.7_50¢OWw)+5) + Cgen(P(f‘v07750¢‘v0)+5)
= (Cl _|_ 02)en(P(f|C7_SO¢‘C)+5) + C3en(P(f|V07_SO¢|V0)+6)

< (C1 + Cy + C3)e™ "

This establishes a desired exponential bound for |[IT,,(s)|.
Combining the estimates for |I,(s)| and |II,(s)|, we set x = max{n e°} € (0,1) and C :=
card(V?) 4+ C1 + Oy + Cs. It follows that

12 (s) = 28 (8)] < ITa(s)] + [Ta(s)] < O™,

TAp> poma

which completes the proof. O

Proposition 4.11. Let f, C, d, A, 8, ¢, sg, « satisfy the Assumptions in Section B We assume that
¢ satisfies the B-strong non-integrability condition, and that f(C) C C and no 1-tile in X*(f,C) joins
opposite sides of C. Define ¢ == ¢ — a. Then for each ¢ > 0, there exist constants T > 1, p € (0,1),
and C > 0 such that for each t € R~ (=T, T) and each integer n > 2, we have

|ZJ(:%(_50 + lt)} < C|t|2+epn€nP(f,—30$)‘

(S) — —sanZ(n)( )
S ‘ — enP(f, 500) |Z

Proof. Let s .= —sg+it with t € R. By Definition , we have the relation Z (n)
Note that P(f, —so¢) = P(f, —so®)+soa = soa since P(f, —so¢) = 0. Thus ‘

and it suffices to find an appropriate bound for @"&(s)]

Let € > 0 be arbitrary. Then by Proposition {.5, there exist T'> 1, C, > 0, and p, € (0,1) such
that for alln > 2 and t € R\ (—=T,7),

&\V$\

12 o, (5)] < Calt200.
By Lemma- 1.1, there exist constants « € (0,1) and C7 > 0 such that ‘Zf Z((TZ) goms (S )| < Ciw™
for all n € N and ¢t € R. Let p := max{pa,k}. Then for all n > 2 and t € R ~ (= T T) we have
(n (n)
‘Zf’ ¢ ‘ ‘ZUAA ¢O7TA ‘ + ‘Z - ZUAA7¢07TA (8)‘
< Cult]*TepT + Cr" (cA —|—C’1)|t|2+5p”.
Setting C' := C, + Cy completes the proof. O

We recall the definition of the non-lattice property, which is needed to apply the complex Ruelle—
Perron—Frobenius theorem in [PP90)].

Definition 4.12. Consider a finite set of states S and a transition matrix A: S x S — {0,1}. Let

(ZJAF, o A) be the one-sided subshift of finite type defined by A. A real-valued function v: ij —Ris

called non-lattice if there exists no continuous function w: EX — 277 such that
p=CHu+vooy—v

for some constant C' € R and continuous function v € C(ZJAT).
The following proposition is a part of [LZ24a, Theorem F].

Proposition 4.13 (Li & Zheng [LZ24a]). Let f: S* — S? be an expanding Thurston map and d a
visual metric on S? for f. Let 1 € CO"B((SQ,d), C) be a complex-valued Hélder continuous function
with an exponent 5 € (0,1]. Then the following statements are equivalent:
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(i) The function 1) is cohomologous to a constant in C(S?,C), i.e., v = K +wuo f —u for some
K €C andu e C(S%,C).

(ii) There exists n € N and a Jordan curve C C S? with f*(C) C C and post f C C such that
the following statement holds for F = f*, ¥ = S,{¢, the one-sided subshift of finite type
(EXA,O'AA) associated to F' and C defined in Proposition @, and the factor map mp : EXA —
S? defined in (@) :

The function Vo, is cohomologous to a constant multiple of an integer-valued continuous
function in C(ZXA,(C), t.e., Vompy=KM+wooy, —w for some K € C, M € C(ZL,Z),
and w € C(EL,(C).

This proposition is used in Lemma to apply the complex Ruelle-Perron—Frobenius theorem
[Pol84, Theorem 2].

Theorem 4.14 (Parry & Pollicott [PP90, Theorem 2(ii)]). Consider a finite set of states S and a
transition matriz A: S x S — {0,1}. Let (EX, O‘A) be the one-sided subshift of finite type defined by
A. Fiz T € (0,1) and equip the space Ejg with the metric d. defined in (@)

Consider a complex-valued Hdélder continuous function ¢ = u + iv € Co’ﬁ((ZX,dT),C) with
u,v € C0B8 (Efg,dT). If (ZX,O’A) is topologically mizing and v is non-lattice, then the spectrum of

Ly, is contained in a disc of radius strictly smaller than ePlou),

Applying the complex Ruelle-Perron-Frobenius theorem (Theorem ) to the subshift (EXA ,OA A)
yields the following estimates for a bounded imaginary part.

Lemma 4.15. Let f, C, d, A, B, ¢, so satisfy the Assumptions in Section B We assume that
f(C) CC. Let (EXA,O'AA) be the one-sided subshift of finite type associated to f and C defined in
Proposition 2.4, and let 7: X% — S? be defined in (@) Fiz 7 € (0,1) and equip the space E:ZA
with the metric d, defined in (@) Then the following statements hold:

(i) There exist constants tog > 0, 6 € (0,1), and C > 0 such that P(ca,,(—so + it)¢ o ma) is
well-defined and

AR (—so + it) — exp(nP(o*AA, (—so +it)po ﬂ'A))‘ < oo

UAA7¢07TA

for all t € (—tg,to) and all n € N.

(i) If ¢ is not cohomologous to a constant in C(S?), then for each ¢ > 0 and each compact set
K CR, there exist 0 € (0,1) and C > 0 such that

ZM (et it)‘ < oo

TAp» ¢omy

for allt € K \ (—¢,¢) and alln € N.

Proof. Note that P(oa,,(—so + it)¢ o ms) is well-defined when [¢| is sufficiently small. The
statement follows from the argument in the proof of [PP90, Theorem 5.5 (ii)].

Assume that ¢ is not cohomologous to a constant in C'(S?). Consider t € K \ (—¢,¢) and
denote ;== (—so + it)p o ma. Set & := 3log(77#) > 0.

Since P(o4,,—sopoms) = P(f,—so¢) = 0, by applying Corollary @ to the subshift (ZXA,O'AA)
and the potential ¢ o w,, we obtain that

O'AA7¢O7‘—A

n
20 somy (50 +10)| < Cslt] 3 [|£57| o s (777700 ms000m) 0
(4.12) mel
= Gslt| Z H%ZWHCO,BTW”
m=1

for some constant Cs > 0 depending only on f, C, d, 8, ¢, by, T, and 9.
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We now bound the operator norm Hﬁfbt ch for k € Nand t € K\ (—¢,¢) by establishing a uniform
estimate on the spectral radius of L,,. Since ¢ is not cohomologous to a constant, Proposition
and Theorem j together imply that the spectral radius of Ly,, denoted by p(Ly, ), is strictly less
than ef(@4a Re(¥)) — 1 for each t € K ~\ (—¢,¢). Straightforward calculations show that ¢ Ly,
is continuous (as a map from R to the space of bounded linear operators on C'%° ((EX, dT),(C)). A
classical result from operator theory asserts that the spectrum is upper semi-continuous on the space
of bounded linear operators on a Banach space (cf. [Kat95, Remark 3.3, pp. 208-209]). It follows that
the function ¢ — p(Ly,) is upper semi-continuous, and hence attains its maximum on the compact
set K \ (—¢,¢). Thus we have

= Ly,) < 1.
po tGKH\l?}e,e) p( wt)

According to the spectral radius formula p(Ly,) = lim, 00 Hﬁzt ch/ﬁﬁ, we can find constants p € (pg, 1)
and C), > 1 such that
(4.13) HﬁktHCUaﬁ <C,pf forallkeNandte K~ (—¢,¢).

Substituting the estimate (|41ﬂ) into (|41ﬂ), we get

‘Z(n) (—s0+ it)‘ < G50t Z P2 C'n(max{p,T’B/z})n,

TAps ¢O7TA
m=1
where C" := CsC,sup,c |t|. Therefore, by setting ¢ = (1 + max{p,TIB/Q}) € (0,1) and C =
C' sup,,en{nd"} < +o00, we establish the desired estimate. O

Combining Lemmas and , we obtain the following estimates for the partition function in
the case of bounded imaginary part.

Lemma 4.16. Let f, d, ¢, so, « satisfy the Assumptions in Section B We assume that f(C) C C

and no 1-tile in X1(f,C) joins opposite sides of C. Define ¢ :== ¢ —a. Then the following statements
hold:

(i) There exist constants to > 0, 6 € (0,1), and C > 0 such that P(ca,,(—so + it)d) is well-
defined and
’Z](:%(_SO +it) — e”P(fa(—So-i-it)a)’ < ComenP(f,=509)

for allt € (—to,to) and all n € N.

(i) If ¢ is not cohomologous to a constant in C(S?), then for each ¢ > 0 and each compact set
K CR, there ezist constants ¥ € (0,1) and C > 0 such that

|ZJ(Z%(—SO +it)| < CyrenPimsod),
forallt € K\ (—¢,¢) and all n € N.

The proof of Lemma parallels that of Proposition , substituting the estimates from
Lemma for those from Proposition §.5; the details are omitted.

5. PROOF OF THE MAIN THEOREM

In this section, we complete the proof of Theorem @ using the results from the previous section.
In Subsection p.l|, we_introduce the notation and assumptions that are used throughout this sec-
tion. In Subsection p.2, we establish some auxiliary estimates (Lemma and Proposition p.2). In
Subsection p.3, we use these estimates to establish our main result.

This section is dedicated to the proof of Theorem [L.1]. The argument follows a standard strategy
for such counting problems and is organized into three main steps. First, in Subsection , we
replace the sharp count of orbits with a smoothed version using a test function and relate this to
a sum over all periodic points. Second, we employ Fourier analysis and the decay estimates from



22 ZHIQIANG LI AND XTANGHUI SHI

Section H to establish the asymptotic behavior of this smoothed count. Finally, in Subsection @,
we complete the proof by using an approximation argument, where the sharp indicator function is
bounded by smooth functions from above and below.

5.1. Notation and assumptions. Throughout this section, let f, C, d, ¢, sg, a satisfy the As-
sumptions in Section . We assume that f(C) C C and no 1-tile in X!(f,C) joins opposite sides of
C. Suppose that ¢ is not cohomologous to a constant in C'(S?). We define ¢ := ¢ — a. Let 0 > 0 be
defined as in (@? Let K C R be a compact set and {I, },en be a sequence of intervals contained
in K.

For each n € N, we denote by p, the midpoint of the interval I,, and by ¢, the length of I,,.
Moreover, we assume that {/; '}, cn has sub-exponential growth. Then we can write

(5.1) mromion L) = Y 1, (lpe(r)—na)= > 1 1(f Yig,6(1) = na —py)),

TEPR(f) TEPR(f)

where lf 4(7) = Zy@ o(y).

5.2. Auxiliary estimates. In this subsection, we fix a non-negative function ¢ € C*4(R, Rsg) with
compact support. For each n € N we consider the auxiliary counting number

(5.2) mp(n) = Y (7 Iy, 6(7) — na —py)).
TEPR(f)

We study the asymptotic behavior of my(n) to establish our main result by using an approximation
argument in Subsection

We start by transforming the summation over P, (f), which represents the primitive periodic orbits
of period n, into a summation over the set of fixed points of the iterated map f"™. Each primitive
periodic orbit corresponds to n distinct points in this set. However, this set also contains points
belonging to primitive periodic orbits of shorter lengths. The following lemma establishes a bound
for the error introduced by these shorter primitive periodic orbits. For each n € N, define

(53) Foln) == 3 (6 (Sfole) —na—pi)).
@)=e

Lemma 5.1. Consider a non-negative function 1 € C*(R,Rsq) with compact support. Following
the assumptions in Subsection we have that for each n > 0,

Ty (n) = Ty(n) + O(e(P(f’_S(’aH”)”ﬂ) as n — +o0.

Here my(n) and wy(n) are defined by (@) and (@), respectively.
The proof follows that of [SS22, Lemma 4.1]; we include it for completeness.

Proof. We say that a fixed point x of f™ is non-primitive if there exists a proper divisor ¢ of n such
that f9(x) = x. Then we have

Tu(n) —mp(n) =~ > (6, (SI(x) —na—pn))
f@)=

non-primitive

Z*Z > (e (Shé(x) — na—pn))

gln  fi(x)=x
q<n/2

qub() w08l B
Ly s U0 p) e

gln fi(z)=z
q<n/2

—_
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Since v has compact support, it suffices to consider periodic points which satisfy ¢, (57{$(x) - pn) €

supp 1, i.e., S%(x) € pu+ lpsupptp. In particular, 5’({5(93) is bounded for these periodic points
(recall from Subsection that the intervals [,, are contained in a compact set K C R). Hence,
for a non-primitive periodic point x satisfying f%(x) = x for ¢ in the summation above, we get that

Sf o(z) = qu ¢(x) and thus e 50555(“) is uniformly bounded away from 0 for ¢ in the summation
above Applymg Lemma { , we deduce that for each n > 0,

s f
DI ij;;?) lesti-olivin 55 i)

gn fi(z)== q<n/2 fi(z)=x
q<n/2
1 PACK _of} (P(f=50)+m)a | — @ (PUs=s08)+n)n/2
—0o(Hile 3 20-s) =0(% T ¢ e )
q<n/2 q<n/2
as n — +o0o. This completes the proof. O
For each n € N, we define
(5.4) Un(x) = (6, (@ = pp)) e,
Note that v, € C*(R,Rx¢) has compact support. Recall that ¢ = ¢ — . In this notation we have
(5.5) Z b (SLH(x)) e (84(2)-p )

f

We use Fourier transform to relate 7y (n) to partition functions so that we can apply the estimates
established in Subsection

Proposition 5.2. Consider a_non-negative function ¢ € C4(R, R>o) with compact support. Under
the assumptions in Subsection , we have that

Ty (n) ~ e®oPr wan Ydx e P(f,—sod)n
' Vero 372

Here 7y (n) is defined by (@) and 1y, is defined by (@)

Proof. For each n € N we define

1 _SOpn
A(n) ::'E oV2mn3 _ Fon) — O /1%

as n — +o00.

P(f,—sod)n

The integral £, wan z)dx = wa )e*0tn¥ dy is uniformly bounded away from 0 and +oo for n € N
as 1 has compact support. Hence it suffices to show that A(n) — 0 as n — 4o0.
By applying the Fourier inversion theorem, for each n € N we obtain

(56) wn(x)e—SO(I—Pn) — 50Pn /{Z)\n(t)e(—So—l-Qwit)m dt.
R
Claim 1. For each n € N,

o (1 (n) it N _9/
Aln eP(f,— 80¢)n¢ (27raf)Z ( SO—{_U\/E) ez R@bn(m)dx dt

\/ﬂ
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By (@) and (@), for each n € N we have

V2T = Gl OV S (1545 m)
(f’ op)n €P(f’ 80(;5) fr(z)=z
£ lov2mn /?P —so+2mit sf<z>(a:)d
eP(f7 SO¢) "

B Enl ~ ot (—s0+ 1) 51 ()
 /2reP(f—s0d)n /]1{1/}”(2#0\/5) fn%:xe &8 dt

. ) )
- gmﬁ?f—m /an(%rcf\/ﬁ)ZJ(ﬂd{( \F) dt.

Here Z}(c ) () is defined in Definition . Using the identity /27 = fRe_t2/ 2dt we deduce that
1

wor eP o /zpn 27mf) (")( s0 + Jjﬁ) dt — znl/Rzpn(x) dx/RetQ/2 dt'.

Then Claim 1 follows immediately from the integral inequality for absolute values.

A(n) =

We now consider the following three quantities:

1 ~ ( ) it 2
A = n__ " — e 7 [ apy () da| dt
1(n) /t|<w\/ﬁ eP(f,—smé)nw (ZTrUf) ( ot U\/ﬁ> n € /Rl/} (z) da

1 R . .
Az(n) = /t|>w\/ﬁ eP(fli sop)n ¥ <27raf>Zv)< S0 + \;ﬁ)‘dt’

As(n) ::/ 6516_2/1/1”(30) dz
[t|=eov/m R

Here € € (0, 1) is chosen to be smaller than min{é, ic; ,to ¢, where the constants  and Cy are given
by Lemma 1.2, and the constant g is given by Lemma . It follows from Claim 1 that

dt.

A(n) < (A1 (n) + Aa(n) + Az(n)) for each n € N,

V2m
Thus it suffices to show that lim,,_, . A;(n) = 0 for each i € {1,2,3}.
Claim 2. limy,_, 4 A1(n) = 0.

For each n € N, we define

~ ~ ¢
Ai(n) ::/ 0y,
t|<eov/m (27ra\/ﬁ
Then by Lemma , there exists 6 € (0,1) such that as n — 400,
Ay(n) = Ai(n) + O(eov/n by [1hn]|6™),

where £[¢n]loe < €71 2l etn(z)dz = [pu(y)e©Y dy is uniformly bounded for n € N since ¢ has

compact support. Hence, to establish Claim 2, it suffices to show that lim, Ay (n) =0.
By the triangle inequality we have that for each n € N,

A< [ gwdr [ haod,
[t|<eov/n [t|<eov/n

er(Plotcmt ) -PUB) _ gt / o) da| dt
R
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where for each t € R,

)en(P(f,(—so+aijﬁ)$)—P(f,—soa)) _ g ( t )e_g

"\2ro\/n
e—%z—lqpn(sz S /wn )de|.

By (@) we have that

)

g wn( = E /wn eaif/tﬁ dz = /Rq/)(y)eSOZnyegijﬁ(pn‘any) dy’

which is uniformly bounded for n € N and ¢ € R since 1 has compact support. Then it follows from
Lebesgue’s dominated convergence theorem that for each ¢t € R,

_it_
eavaPntny) 114y — 0.

n——+oo n—-+oo

2
0< lim hy(t) < lim ez /R@Z)(y)esoe"y

Since fRe*tQ/ 2dt = V27 < 400, by Lebesgue’s dominated convergence theorem we conclude that
limy 400 [ hn(t)dt = 0. By (@) in Lemma @, for each t € R,

. e (P ) ot n3) _

n—-+40o

This implies that for each ¢t € R, lim,,, 4o gn(t) = 0. Moreover, since £ < min{é, %}, it follows
from Lemma @ that if |¢| < eoy/n, then

2 (1_ 2Cst

n(P(f(~s0+ 74)8) ~P(f508)) _ 2 o)

e

Hence, by Lebesgue’s dominated convergence theorem, lim,,_, 4~ f‘ H<co/m gn(t)dt = 0. This implies

limy, 4 00 Zl(n) = 0 and establishes Claim 2.
Claim 3. limy, 400 A2(n) = 0.

Let T > 1 be the constant given by Proposition . By Lemma , there exists ¥ € (0,1)
such that

(5.7) /< <

Sov/m S

f_l ~ t n) 't B I .

as n — 400, where £ ||t ||oe < €71 2L Jetn(z) dz = [pib(y)eso¥ dy is uniformly bounded for n € N
since 1 has compact support. Slnce Y, € C*(R,R), we have that for all n € N and ¢ € R,

—

(2nit) P (t) = vi (2).

Moreover, since 1 has compact support, we have that

53/\1/) ydx—/

3 (4)
Enn

4
5 () ot s e ay <

k=0




26 ZHIQIANG LI AND XTANGHUI SHI

for some constant C’ > 0, which is independent of n. Then, by Proposition , there exist C' > 0
and p € (0, 1) such that for each integer n > 2,

b (g0 it
~son " Z ' =so+——)|dt
Af‘”"ﬁ P (27ra\/ﬁ> i 8°+o¢ﬁ>’
b, t t |2+e
< =1, .
A'>T‘W Y (%ff\/ﬁ)C‘a\/ﬁ‘ P
_ n ~ t
- Cov/n ;' p|t|*+e ﬂ’n(?ﬂdt
[t|>T p
—dn —24¢ p3 /@ t
=Coyvnt, " p / |24 3 | (?th
7T
<conmn |

[t|>T
[t|>T

dt

Combining this with (@) and recalling that the sequences {£;,'},en are of sub-exponential growth,
we establish Claim 3.

Finally, it is clear that lim, ., As(n) = 0. We conclude the proof by combining the estimates in
Claims 2 and 3. O

The following corollary is an immediate consequence of Proposition @ and Lemma @ Recall
that P(f, —sop) = spax > 0.

Corollary 5.3. Consider a non-negative function ¢ € C4(R, R>o) with compact support. Under the
assumptions in Subsection , we have that

eSoPn fRT/’n(l’) dz esoan
oV 22w n3/2

Here my(n) is defined by (@) and vy, is defined by (@)

5.3. Approximation argument. In this subsection we prove Theorem @ by using the auxiliary
estimates from Subsection @ through an approximation argument.

myp(n) ~ as n — —+00.

Proof of Theorem . By Lemma @, it suffices to prove the theorem for the case where f(C) C C
and no 1-tile in X!(f,C) joins opposite sides of C. Hence all the assumptions in Subsection are

satisfied.
For each n € N, we define

vV 21rn3
B(n) = E;le_s‘)pniges():: Tre(n; o, Iy) — f;l/l e50(z=pn) 4,

The integral £, [ I, ¢%0(2=Pn) (z is uniformly bounded away from 0 and +oco for n € N as K is compact.
Thus, in order to prove this theorem, it suffices to show that lim,,_,+~, B(n) = 0.

Fix an arbitrary € € (0, 1).

We first construct a non-negative function ¢ € C*4(R,R>o) with compact support satisfying the
following properties:

14¢e 1+4¢
2 72
Let n € C*°(R) be a non-negative mollifier defined by

Cexp(——=) if |z| <1;
77(1') — ( 1—m2) ‘ | '
0 otherwise,

Iy SU<1+e, suppy C |- |, and [v(@)ar<ite,
[272] R
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where C' > 0 is a normalization constant such that [, n(xz)dz = 1. For each § > 0, set ns(x) =
6~ n(x/s). Consider G := (1 +&/4)1[—(14¢/4)/2, (14+¢/4)/2)- Then there exists a sufficiently small § > 0
such that the function 1 := G * 15 satisfies the desired properties. Here * denotes the convolution of
functions.

By (@), (@), and Corollary @, we have that

lim sup B(n)

n—+400

. -1 *Sopng 27TTL _ _ _ -1 SO(prn)
=lmsup fte™ =2 DL Ly y (G (lne(r) —na—pa)) = &' | e dz

TEPL(S)

V2mn3
<timsup bt IS (6 1polr) —na =) - 67 [ e
n—+o00 rePulf) I,

= limsup £, ! wn( ydz — 0! e0(z7Pn) 4z,

n—-+oo In

where 1), is defined by (@) and 0,1 o, () dz = [puo(y)e*o™Y dy is uniformly bounded for n € N
since 1 has compact support. For each n €N,

1+e
E#A%mm:/ﬁwwmwzfﬁy@www

w( Jeson dy + e(1 + g)e ! K]

1
2 s0lny so| K|
<+e) [Fentayse(ivese

=(14e);t [ eGP dzy 4 (1 4 g)el K]
In

<Ot eGP dz 4 g(2 4 e)e
In

where | K| denotes the diameter of the compact set K. Thus, we obtain that
limsup B(n) < e(2 4 ¢)e* Kl < Cle,

n——+0o
where the constant C; := 3e%| depends only on sp and K.
Similarly, one can show that

liminf B(n) > —Che

n—-+o0o
for some constant Cy > 0 that depends only on —sg and K.

Since the choice of € € (0,1) was arbitrary, we have that lim,_, -, B(n) = 0. This completes the
proof. O

APPENDIX A. RUELLE LEMMA

This appendix presents a proof of the Ruelle lemma for one-sided subshifts of finite type (see
Lemma @) Estimates of this type first appeared implicitly in [Rue90], and variations were es-
tablished in [PS98, PS01, Nau05]. The lemma provides an estimate of the difference between the
partition function and a sum involving iterates of the Ruelle operator acting on characteristic func-
tions of cylinders. This estimate is crucial for analyzing the analytic properties of dynamical zeta
functions and establishing statistical limit theorems.
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Throughout this appendix, we fix the following notation. Consider a finite set of states S and a
transition matrix A: S xS — {0,1}. Denote by (Ejl, O'A) the one-sided subshift of finite type defined
by A. Fix 7 € (0,1) and equip the space Ejg with the metric d, defined in (@) Let 8 € (0,1] and
¢ e COP (EZ, dT) be a real-valued Holder continuous function. We refer the reader to Subsection
for background on symbolic dynamics and the Ruelle operator.

We introduce definitions needed to state and prove the Ruelle lemma.

Definition A.1 (Admissible word, cylinder set, and concatenation). For n € N and a finite word
Ww=wp- - wp—1 with w; € S and A(w;,w;+1) =1 for every 0 < i < n — 1, we say w is an admissible
word of length n, denoted |w| = n. The cylinder set associated to w is

C,=[w] = {:n = {z;i }ien, € EJAF tx; = w; for 0 <1< n}

We denote by x,, the characteristic function of the cylinder set C,. For a point = € EZ satisfying
A(wn—1,T0) = 1, we write wz € X7 for the concatenation obtained by prepending w to z; explicitly,
(wx); = w; for 0 < i <n and (wx); = x;—y, for i > n.

We now state the Ruelle lemma.

Lemma A.2 (Ruelle lemma). For each ag > 0, each by > 0, and each € > 0, there exists a constant
C. > 0 such that for all k € N, n € N with n > 2, and s € C with |Re(s)| < ag and |Im(s)| = by, we
have
(A1) Z H£S¢XWHCOB C.|Tm( )|Tﬁek(P(U,Re(8)¢>)+s)

|w|=F

and

(A.2)

Yo e N L)

onx=x jes

C \Im | Z Hﬁn— HCO 5 P(U,Re(s)¢>)+s)m

for any choice of a point x; € C; for each cylinder set C;. Here the sum in (@) is taken
over all admissible words w of length k, and Hﬁggm s denotes the operator norm of ﬁ’;b_m on

COF((35, d-), ©).

Remark. The constant C. in Lemma @ only depends on €, ag, by, 7, 8, ¢, and the ambient
parameters of the subshift; it is independent of n and the specific value of s (as long as |Re(s)| < ag
and |Im(s)| = bo).

leo

The following lemma expresses the partition function as a sum over the Ruelle operator acting on
the characteristic functions of the cylinder sets.

Lemma A.3. For each ¢ € C(X,C) and each n € N we have
Z eSni(@) _ Z (L2 xw) (70),
z€Fix(o™) |w|=n

where for each admissible word w the point x, € C, is defined as follows: if the cylinder set Cy,
contains a fized point of o™, we take x,, to be that point; otherwise we choose x,, arbitrarily in C,,.

Proof. Fix an arbitrary n € N. Since X% = |J C.,, we have

|w|=n
Z oSnib(@) — Z Z eSn¥(x)
z€Fix(o™) |w|=n zeC,NFix(c™)

By definition of the Ruelle operator,

(Lyxw)(Tw) = Z eSn(y)

yeC,No~"(xy)
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Thus it suffices to show that C, NFix(¢™) = C,, No~"(z,,) for each admissible word w with |w| = n.
Let w be an arbitrary admissible word of length n. Note that the cylinder set C,, can contain at
most one point from each of the sets Fix(¢") and o~ "(x,,). We consider two cases.
If A(wp—1,wp) = 1, the word w can be followed by itself, which forms the point x}, := ww---. This
point lies in C,, and is a fixed point of ¢”. This implies that x,, = z}, and

C,NFix(c") = C,No "(zy) = {zw}.

On the other hand, if A(w,—1,wp) = 0, then the word w cannot be followed by the symbol wy. This
implies that

C,NFix(c") =C,No () = 0.
In either case, the equality C,, NFix(¢™) = C, N o~ "(x,) holds. This completes the proof. O

We now prove Lemma @ The proof proceeds in three steps: establishing a telescoping sum
identity, estimating the Holder norms, and bounding the sum over admissible words.

Proof of Lemma @ Let ag > 0, bg > 0, and € > 0 be arbitrary. Fix an arbitrary integer n > 2.
Consider s = a + ib € C with |a| < ag and |b| > by, where a := Re(s) and b := Im(s).

For each admissible word w of length n, we choose z,, € C,, in the following way: if the cylinder
set C, contains a fixed point of ¢, we take x,, to be that point; otherwise we choose x,, arbitrarily in
C,. Next, for each m € {1, ..., n — 1} and each admissible word w of length m, we fix an arbitrary
point x,, € C,.

Denote

Zn(s) = Z e*Sn9@ and  T(s) = Z(£5¢XJ)( )
z€Fix(o™) jes

Claim.

Zn( Z Z ¢Xw w) - (‘C?(z)Xw)(xD))a
m=2|w|=m

where @ denotes the word obtained by removmg the last symbol from w.

Proof of the claim. By Lemma @ = 2 jwjen(LipXw) (@w). For m € {1, ..., n}, define
Ay = Z (LepXw)(2w)-
|w]=m

Then Zy(s) — Th(s) = A, — A1 =Y _o(Ay — Am—1). Note that for each m € {2, ..., n} and each
admissible word 7 of length m — 1, the characteristic function satisfies

Xn = > Xnjs

JES : A(Mm—2,j)=1

where 7j denotes the word obtained by appending j to . Thus for each m € {2, ..., n}, we have
Am-1 = Z (Ligxn)(xn)
Inj=m—1

= Z Z (£?¢an)($n)

Inl=m—1j€S: A(nm—2,5)=1
= D (Llx)(@a),
|w|=m
where we set w = 17, so that @ = 7. It follows that
A = A1 = Y ((Lhxw) (30) = (Lixw) (23))-
|w|=m

Summing this equality over m € {2, ..., n} yields the desired identity, establishing the claim.
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By the claim, we have

1Zn(s) Z Z I £s¢)XOJ Tw) (£2¢Xw)(x@)’

m= 2|w|

m=2 |w|:m

n

<3 3 1L xulleos 7.

m=2|w|=m
Since £, is bounded on C%8((24.d;),C) (cf. [PPIU, Proposition 2.1]), we have

L8 xwlloos = [1£55™ (Logxw) leos < [[L35™ | go.s 15 xwllco.s,

where Hﬁggchoﬁ denotes the operator norm of E?gm on CO’B((EZK, dT),C). Hence,

n
(A.3) 1Z0(s) = Tuls)] <770 77 || L2 ™| cos D LT Xwllcos-
m=2

|w[=m

We now bound the sum 32, [[£{4Xwl|cos for all m € N. For each admissible word w of length
m, we have

(Lipxw)(T) = Z e*Sm W) for x € 7.
yeCy : o™ (y)=x

This implies that HES(;szHoo < SUPyec, e®SméW)  For each z € ¥, there is at most one y € C,
satisfying 0" (y) = x. When such a y exists, we denote it by y%¥. Thus,

eSSmo(ys)  if yY exists;

(Ligxw)(@) = {

0 otherwise.

To estimate the Holder seminorm |L)xw|g, we consider distinct points z = {zi}ien, and z =
{zi}ien, in Ejg. According to the existence of y% and yY, we consider the following three cases.

Case 1: Neither y; nor y ezists. Then (Lixw)(z) = (Lixw)(2) = 0, and [(Lfxw)(z) —
(L5xw) ()] = 0 holds trivially.

Case 2: Ezactly one of y¥ and y% exists. In this case, we must have d,(z,z) =1 (i.e., o # 20);
otherwise the condition xg = zp would imply that either both y% and yY exist, or neither exists,
contradicting the assumption that exactly one of them exists. Then one of (L ¢Xw)( z) and (Lgixw) (2 )
vanishes, and we have

|(Lopxw) (@) = (Lagxw)(2)] < [L5pxwlloe < dr(, 2)” sup e,
yelow
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Case 3: Both y% and y% exist. Since y¥ = wz and y¢ = wz by definition, we have d.(y%,yY) =
d.(x,z)T™. Using the Holder continuity of ¢, we deduce that

[Smé (g ) — Smo(y) Z\cb —o(o"(y2))]

< jij [8llconds (o (42), 0" ()
1=0

m—1
= @l cosds (y5,y2)° Y 7%
=0
—Bm _q
= l[¢llcosdr(z, 2)°r"m

Pl o8
H_gc_ 1d -(x, z)ﬁ.

Applying the inequality |e* — e¥| < |z — w| e™a*{Re(2), Re()} for » 4y € C, which is a consequence of
the Fundamental Theorem of Calculus for line integrals, we obtain that

|(L55xw) (@) = (Ligxw) (2)| = ‘essm?ﬁ(yg) — 5Sme(y?)
< 18] [Smp(¥%) — Smp(y?)] ermax{Re(Sme()), Re(Smélyz))}

< H?HCOE| |d (I‘ Z) sup etZS'md)(y)'
yeCy

Since [s| = Va2 + 0% < |a] + [b] < ag + [b] < (1 + §2)[Tm(s)], it follows that

14 .
‘(£5¢Xw)( ) (‘quwa)( )‘ < ( +7_lioﬁ)||¢”c B

ITm(s)| d-(z, 2)® sup e*Smo®).
! yeCu

Combining the estimates from these three cases, we conclude that

14 % 0,8
el < max{1, EEBN ) gy co500) < o) sup 0,
T — 1 yecw yeCw

(14+52) 16l o6

—— 1
where Cj := max{ Bo” gy

}. Thus we have

€5 xwllcos = (€55 X0 loo + [£55Xw] s

< (14 Co[Im(s)]) sup ¢®Smey)
yeCy

< C|Im(s)| sup e*m¢W),
yeCy,
where the constant C' := b + Cp only depends on ag, by, 7, 8, and ¢. Summing over all admissible
words w of length m ylelds

(A.4) Z L5 Xwllcos < ClIm(s) Z sup e5meW),

Jw|=m Jw|=m YEC

Denote

Zm(ag) = Z sup o)

w|=m yeCu

It is a classical result that limy,— 40 = log Zp(ag) = P(0,a) (see e.g. [Wal82, Theorem 9.6]). We
now show that this convergence is uniform for a € [—ag, ap]. Indeed, a straightforward calculation
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shows that for each m € N, the function a — pp,(a) = % log Z,,(a¢) is Lipschitz continuous on R
with a Lipschitz constant ||¢||c, and is bounded on [—ag, ag] by apl|¢||cc +1og(card(S)). This implies
that the sequence of functions {p,, }men is equicontinuous and uniformly bounded on [—ay, ag]. By
the Arzela—Ascoli theorem, every subsequence {pp, }ren, which is equicontinuous and uniformly
bounded on [—ag, ag], has a further subsequence {pmkj }j N that converges uniformly on [—ag, ag).
Note that such a subsequential limit must be P(o, - ¢) since lim,, 4+~ pm(a) = P(0,a¢). A standard
result in topology states that if every subsequence of a sequence in a topological space has a further
subsequence converging to the same point, then the original sequence itself converges to that point.
Therefore, the convergence lim,,—, oo pm(a) = P(0,a¢) is uniform in a € [—ag,ap]. Hence, there
exists a constant K. > 0 such that for all m € N and a € [—aqg, ag], we have

(A.5) Zi(ag) < K. emPloadite),

and (@) follows immediately from (@@nd @@r setting C. = 17 ACK..

Finally, by substituting the estimate ( into we obtain

1 Zn(s) = Tu(s)| < 77 EZTWI!E ™os D 1L xwllcos

|wl=m

< Cg|1m(8)| Z H[,Z(;m HCO,ﬁTﬁmem(P(a,aqb)Jrs)’

establishing (@) O

The following estimate for the partition function is an immediate consequence of Lemma @

Corollary A.4. For all ag > 0, byp > 0, ¢ > 0, n € N, and s € C satisfying |Re(s)| < ag and
[Im(s)| > bo, we have

Z 655n¢

o=z

(A.6) < C.|Im(s)] ZHEn chw BeP(U,Re(S)@Jre)m’

where C. is the constant from Lemma @, whzch depends only on €, ag, by, 7, B, ¢, and the ambient
parameters of the subshift ( A,UA)

Proof. When n = 1, (@) follows immediately from Lemma @ and (@) in Lemma @
We now consider the case n > 2. Let x; € C; be an arbitrary point for each j € S. By (EI), we

have
Z £?¢Xj (z5)
JjeS

I =

< 2L Laoxi) (@) <UL oo Do £sox5llcos

Jjes jes
< Hﬁn_IHCO,B CE‘IHI(S)|TﬁeP(J’Re(S)¢)+E,

where C._is the constant from Lemma @ Hence, using the triangle inequality and () in
Lemma @ we deduce that
> e =N X ()

Z esanb(ac
or=x JjES

< Ce|Im(s |H,C?q;lHCO’BTﬁeP(a,Re(S)@-F&_{_CE‘Im(S” ZHﬁnf How( BeP(o,Re(s)gb)J,-s)m

m=2

< I+

= C:|Im(s)| ZHﬁ" chog ’BeP(U’Re(S)¢>)+s)m

This establishes (@) O
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