THERMODYNAMIC FORMALISM FOR SUBSYSTEMS OF
EXPANDING THURSTON MAPS II
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ABSTRACT. Expanding Thurston maps were introduced by M. Bonk and D. Meyer with motivation
from complex dynamics and Cannon’s conjecture from geometric group theory via Sullivan’s dictio-
nary. In this series of two papers, including [], we develop the thermodynamic formalism for
subsystems of expanding Thurston maps. In this paper, we prove the uniqueness and various ergodic
properties of the equilibrium state for a strongly primitive subsystem and a real-valued Hoélder con-
tinuous potential, and establish the equidistribution of preimages of the subsystem with respect to
the equilibrium state. As a result, for a strongly primitive subsystem of an expanding Thurston map
without periodic critical points, we obtain level-2 large deviation principles for the distributions of
Birkhoff averages and iterated preimages.
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1. INTRODUCTION

A Thurston map is a (non-homeomorphic) branched covering map on a topological 2-sphere 52
that is postcritically-finite, meaning that each of its critical points has a finite orbit under iteration.
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The most important examples are given by postcritically-finite rational maps on the Riemann sphere
C. While Thurston maps are purely topological objects, a deep theorem due to W.P. Thurston
characterizes Thurston maps that are, in a suitable sense, described in the language of topology and
combinatorics, equivalent to postcritically-finite rational maps (see [DH93]). This suggests that for
the relevant rational maps, an explicit analytic expression is not so important but rather a geometric-
combinatorial description. This viewpoint is both natural and fruitful for considering more general
dynamical systems that are not necessarily conformal.

In the early 1980s, D.P. Sullivan introduced a “dictionary” that is now known as Sullivan’s dictio-
nary, which connects two branches of conformal dynamics: iterations of rational maps, and actions
of Kleinian groups. Under Sullivan’s dictionary, the counterpart to Thurston’s theorem in geometric
group theory is Cannon’s conjecture [Can94]. This conjecture predicts that a Gromov hyperbolic
group G whose boundary at infinity d..G is a topological 2-sphere S? admits a geometric action on
the hyperbolic 3-space H?.

Inspired by Sullivan’s dictionary and their interest in Cannon’s conjecture, M. Bonk and D. Meyer
[BM10, BM17], as well as P. Haissinsky and K.M. Pilgrim [HP09], studied a subclass of Thurston
maps, called expanding Thurston maps, by imposing some additional condition of expansion. Roughly
speaking, a Thurston map is expanding if for any two points =, y € S2, their preimages under
iterations of the map get closer and closer (see Subsection for the precise definition). In particular,
a postcritically-finite rational map on C is expanding if and only if its Julia set is equal to C. For
each expanding Thurston map, we can equip S? with a natural class of metrics called visual metrics
(see Subsection for details), that are snowflake equivalent to each other and are constructed in a
similar way as the visual metrics on the boundary 0., G of a Gromov hyperbolic group G (see [BM17,
Chapter 8] for details, and see [HP09] for a related construction).

The dynamical systems that we study in this paper are called subsystems of expanding Thurston
maps, inspired by a translation of the notion of subgroups from geometric group theory via Sullivan’s
dictionary. To clarify this concept, we consider an expanding Thurston map f: S? — S? and a Jordan
curve C C S? that contains the postcritical set post f. The condition post f C C ensures that the
closure of each connected component of S?\ f~"(C) is a closed Jordan region. We call each such
set an n-tile. Consider some 1-tiles and denote their union by U. The restriction F' = f|y is called
a subsystem of f with respect to C, and the dynamics of F: U — S? generates the tile maximal
invariant set @ C_S?, which is the intersection of unions of n-tiles contained in F~"(S?) for n € N
(see Subsection @ for details).

For expanding Thurston maps, roughly speaking, 1-tiles together with the maps restricted to
those tiles play a role similar to that of generators in the context of Gromov hyperbolic groups. For
example, one can recover S2 and the original map f from all its 1-tiles and the dynamics on those
tiles. If we consider all n-tiles for some n € N, we obtain an iterate f™ of f, which corresponds to a
finite-index subgroup of the original group in the group setting. Given such similarity, it is natural
to investigate more general cases, such as dynamics generated by certain 1-tiles, which leads to our
study of subsystems. We remark that although the concept of a subsystem shares certain similarities
with the notion of a repeller (see [Pes97, PU10]), the latter typically requires smooth and uniformly
expanding assumptions, neither of which are satisfied by a subsystem.

In this paper, we delve into the dynamics of subsystems of expanding Thurston maps from the
perspective of ergodic theory. Ergodic theory has played a crucial role in the study of dynamical
systems. The investigation of invariant measures has been a central part of ergodic theory. However,
a dynamical system may possess a large class of invariant measures, some of which may be more
interesting than others. It is, therefore, crucial to examine the relevant invariant measures.

The thermodynamic formalism serves as a viable mechanism for generating invariant measures
endowed with desirable properties. More precisely, for a continuous transformation on a compact
metric space, we can consider the topological pressure as a weighted version of the topological entropy,
with the weight induced by a real-valued continuous function, called potential. The Variational
Principle identifies the topological pressure with the supremum of its measure-theoretic counterpart,
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the measure-theoretic pressure, over all invariant Borel probability measures [Bow75, Wal82]. Under
additional regularity assumptions on the transformation and the potential, one gets the existence
and uniqueness of an invariant Borel probability measure maximizing the measure-theoretic pressure,
called the equilibrium state for the given transformation and the potential. The study of the existence
and uniqueness of the equilibrium states and their various other properties, such as ergodic properties,
equidistribution, statistical properties, etc., has been the primary motivation for much research in
the area.

The ergodic theory of expanding Thurston maps was studied by the first author of the current
paper in [Li17]. In [Lilg], the first author developed the thermodynamic formalism and investigated
the existence, uniqueness, and other properties of equilibrium states for expanding Thurston maps.
Moreover, for expanding Thurston maps without periodic critical points, the first author established
level-2 large deviation principles for iterated preimages and periodic points in [Lil5], utilizing a
general framework devised by Y. Kifer [Kif90] and reformulated by H. Comman and J. Rivera-Letelier
[CRL11]. Additionally, see the related works in higher dimensions [OP14, BD23, BD24].

The current paper is the second in the series of two papers (together with [LSZ25]) studying
the ergodic theory of subsystems of expanding Thurston maps. Building on the groundwork laid
in the previous paper [LSZ25], where we developed the thermodynamic formalism and investigated
the existence of equilibrium states for subsystems, we now turn our attention to the uniqueness and
ergodic properties of these equilibrium states. By leveraging the existence and uniqueness of the
equilibrium states, we establish level-2 large deviation principles for the distributions of Birkhoff
averages and iterated preimages for strongly primitive subsystems of expanding Thurston maps
without periodic critical points. In particular, the results in this series extend the corresponding
results in [Lil8, Lil5] as mentioned above.

Our investigation of subsystems also has applications in the ergodic properties and large deviation
theory of expanding Thurston maps. In the recent work [LS24], for every expanding Thurston
map, by using subsystems, we prove that the set of ergodic measures is entropy-dense in the space
of invariant measures. We also establish level-2 large deviation principles for the distributions of
Birkhoff averages, periodic points, and iterated preimages, which generalizes the corresponding results
in [Lil5] by allowing the presence of periodic critical points. Additionally, by constructing suitable
subsystems, we show that the entropy map of an expanding Thurston map f is upper semi-continuous
if and only if f has no periodic critical points. This finding provides a negative answer to the question
posed in [Lil5] and indicates that the method used there to prove large deviation principles is not
applicable to expanding Thurston maps with periodic critical points. In this context, subsystems
serve as an important tool for studying expanding Thurston maps. We anticipate more applications
of subsystems in the future.

1.1. Main results. In order to state our results more precisely, we briefly review some key concepts.
We refer the reader to Section J for a detailed discussion.

Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying post f C C.
Here post f == J,cn{/"(c) : ¢ € S? is a critical point of f}. For each n € Ny, the set of n-tiles is

X"(f,C) = {X™: X" is the closure of a connected component of S\ f~"(C)}.

We say that a map F: dom(F) — S? is a subsystem of f with respect to C if dom(F) = [JX
for some non-empty subset X C X!(f,C) and F = fldaom(r)- We denote by Sub(f,C) the set of all
subsystems of f with respect to C.

Consider a subsystem F' € Sub(f,C). For each n € Ny, we define the set of n-tiles of F' to be

X"(F,C) ={X" e X"(f,C) : X" C F™"(F(dom(F)))},

where we set FU := idg> when n = 0. We call each X" € X"(F,C) an n-tile of F. We define the tile
mazimal invariant set associated with I with respect to C to be

Q=9Q(FC) =) (U x"(F,C)).

neN
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We note that Q C S? is compact and is forward invariant under F, i.e., F(Q2) C Q (see Proposi-
tion ) Hence, we can consider the restriction F|g:  — € and its iterates. In this context,
we denote by M(, F|q) the set of F'|g-invariant Borel probability measures on 2, by h,(F|q) the
measure-theoretic entropy of F|q for p € M(Q, Flg), and by P(F|q, ¢|q) the topological pressure
for F|o and ¢|q, where p € C(S?) (see Subsection for precise definitions).

In the following theorem, under the additional assumption that the Jordan curve C is forward
invariant (i.e., f(C) C C), we establish the uniqueness and various ergodic properties of the equilib-
rium state for a strongly primitive subsystem (see Definition @) and a Holder continuous potential
with respect to a visual metric. Additionally, we demonstrate the equidistribution of preimages with
respect to the equilibrium state.

Theorem 1.1. Let f: X — X be either an expanding Thurston map on a topological 2-sphere X = S?
equipped with a visual metric, or a postcritically-finite rational map with no periodic critical points on
the Riemann sphere X = C equipped with the chordal metric. Let ¢: X — R be Holder continuous.
Let C C X be a Jordan curve containing post f with the property that f(C) C C. Consider a strongly
primitive subsystem F' € Sub(f,C). Denote Q = Q(F,C).

Then there exists a unique equilibrium state upy for Flo and ¢lo. Moreover, pp.g is non-atomic
and the measure-preserving transformation F|q of the probability space (2, upe) is forward quasi-
variant, exact, and in particular, mixing and ergodic.

In addition, the preimages points of F are equidistributed with respect to prg, i.e., for each
sequence {Tnnen of points in X and each sequence {¢y}nen of colors in {b, 1} satisfying x, € X0
for each n € N, we have

1 w*
7n(0) Z deg, (F ,y)exp SFtb Z(SFZ —>MF,¢ as n — 400,

where SEo(y) = Y1) S(F'(y)) and Zn(9) = 3 e p-n(a,) dege, (F™,y) exp(SE ().

Here X¢, X2 € X°(f,C) are the black 0-tile and the white O-tile (see Subsection @), respectivel
deg, (F™, x) and deg,, (F", z) are the black degree and white degree of F™ at x (see Definition @
in Subsection B.3), respectively, and the symbol w* indicates convergence in the weak* topology. See
Theorem and Definition for the definitions of a forward quasi-invariant measure-preserving
transformation and an exact measure-preserving transformation, respectively.

not unique (see Exampl , or the dynamical systems restricted to these subsystems are not

Remark. There exist subs stems of expanding Thurston maps such that the equilibrium states are
mixing (see Example i

Theorem @ combines [LSZ25, Remark 3.12], Theorems @ @ Corollaries @ @ and Theo-

rem [7.1]. We remark that the existence of the equilibrium state in Theorem has been established
in [LSZ25, Theorem 1.1] (see also Theorem .27‘) under a weaker assumption on the subsystem.
Based on Theorem [1.1|, for strongly primitive subsystems of expanding Thurston maps without

periodic critical points, we obtain level-2 large deviation principles (see Subsection @ for a brief
introduction) for the distributions of Birkhoff averages and iterated preimages.

Theorem 1.2. Let f: X — X be either an expanding Thurston map with no periodic critical points
on a topological 2-sphere X = S? equipped with a visual metric, or a postcritically-finite rational map
with no periodic critical points on the Riemann sphere X = C equipped with the chordal metric. Let
¢: X — R be Hélder continuous. Let C C X be a Jordan curve containing post f with the property
that f(C) C C. Consider a strongly primitive subsystem F € Sub(f,C). Denote Q = Q(F,C). Let
P(Q) denote the space of Borel probability measures on §) equipped with the weak”-topology. Let pp 4
be the unique equilibrium state for Flq and ¢l|q.
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For each n € N, let V,,: Q — P(Q) be the continuous function defined by
1 n—1
(1.1) Vo(x) = - > Opige),
i=0

and denote SE¢(x) = Z?:_ol ¢(F'(x)) for each x € Q. For each n € N, we consider the following
Borel probability measures on P(2).

Birkhoff averages. ¥, = (V,,)«(ur,e) (i.e., ¥y, is the push-forward of ppe by Vi : Q@ — P(Q)).
Iterated preimages. Given a sequence {x;}jcn of points in Q\ C, put

Z exp (Srljé(y))

(1.2) () = S .
) 2oy €(Fla) =" (en) exp(SEo(y))

yE(Fla) " (zn

Then each of the sequences {X }nen and {Qy(zn) fnen converges to 0, , in the weak™ topology, and
satisfies a large deviation principle with the rate function Iy: P(2) — [0, +00] given by

P(Fla,¢la) = hu(Flo) — [¢dp if p € M(Q,Flo);

(1.3) Iy(p) = {+oo if pe PQ)\ M(Q, Flg).

Furthermore, for each convex open subset G of P(Q2) containing some invariant measure, we have
infg Iy = infz Iy, and

n—+oo n n—+oo n

(1.4) lim llogEn(g) = lim lloan(acn)(g) = —irg1f1¢,

and (@) remains true with G replaced by its closure G.

Remark. As shown in our recent work [LS24], for expanding Thurston maps, the absence of periodic
critical points may not be essential for level-2 large deviation principles, although the proof in the
general case is much more involved and relies on the construction of suitable subsystems. Therefore, it
is also interesting to investigate level-2 large deviation principles as in Theorem without assuming
the absence of periodic critical points.

As an immediate consequence of Theorem @, we get the following corollary, which gives charac-
terizations of measure-theoretic pressures.

Corollary 1.3. Under the assumptions of Theorem , given a sequence {xy, }nen of points in Q\C,
for each p € M(Q, F|q) and each convex local basis G, of P(§2) at p, we have

o)+ [odu= nt { 1 togurs(le Q3 Vile) € G ) + P(Flo.olo)

(1.5)
= inf{ lim llog Z exp(ngb(y))}.

GeG, | n—o+oom
yE(F|Q) "(2n),Va(y)€G

By applying the general theory of large deviations, particularly the contraction principle (see
Theorem B.1]), we derive the following level-1 large deviation principles from Theorem [1.2.

Corollary 1.4. Under the assumptions of Theorem , let ¥: Q@ — R be a continuous func-

tion, and define 1}: P(Q) — R by &(u) = [¢du. Then each of the sequences {{b\*(z”)}neN and

{{b\*(Q”(:ﬂ”)}neN satisfies a large deviation principle in R with the rate function J: R — [0, 400
defined by

(1.6) J(z) = inf{[¢(u) p e PQ), /w dj = x}



6 ZHIQIANG LI AND XTANGHUI SHI

Here I: P(2) — [0,400] is defined in (B) Furthermore, if ¢y < dy, where ¢y, = min{ [¢dv:v €
M(Q,Fla)} and dy = max{ [ dv : v € M(Q,F|a)}, then for each interval K C R intersecting
(cy,dy),

— inf J(xz) = lim 1logupv¢<{x €Q: % w(x) € K})

1.7
1) — fim L log 2ye(Flo)—n(an), LSuiy)ei Wn(y) exp(Sne(y))
n—+oo N Zy’E(Fln)_”(xn) wn(y') exp(Snd(y'))

1.2. Strategy and organization of the paper. We now discuss the strategy of the proof of our
main results and describe the organization of the paper.

We divide the proof of Theorem into three parts: uniqueness, ergodic properties, and equidistri-
bution results. We remark that in Theorem [L.1], the existence of equilibrium states and the property
that the measure-preserving transformation F'|o of the probability space (€2, prg) is forward quasi-
invariant have been established in [LSZ25] (see Theorem )

The method we employed to demonstrate the uniqueness of equilibrium state involves examining
the (Gateaux) differentiability of the topological pressure function (established in Theorem )
and utilizing some techniques from functional analysis (see Theorem p.3). See Section p for a more
detailed discussion.

To prove the differentiability of the topological pressure, we first introduce normalized split Ruelle
operators (see Definition b.5), which are induced by split Ruelle operators (see Definition B.21). We
remark that a related technique was first used in [BJR02]|, where the authors employed a version
of the split Ruelle operator technique to reduce the problem to a uniformly expanding situation.
In our context, the concepts of splitting the Ruelle operators and split Ruelle operators were first
introduced in [LZ18, LZ24] for expanding Thurston maps, and subsequently generalized to subsystems
of expanding Thurston maps in [LSZ25]. In this paper, we further define the normalized split
Ruelle operators for subsystems to establish uniform bounds and convergence results (for example,
Proposition p.9, Lemma , Theorem p.12, and Lemma ), which generalize the corresponding
results in [Lil8, LZ24].

Unlike the case of expanding Thurston maps or uniformly expanding maps, for subsystems, one
cannot define a normalized Ruelle operator simply by normalizing potentials due to the difficulties
caused by subsystems (compare Definition p.53 with the corresponding one in [Lilg, Section 6]). More
specifically, since the combinatorial structure of tiles of a subsystem is inadequate, the eigenfunctions
of the split Ruelle operator may not be continuous on the sphere. However, the eigenfunctions are
always continuous in the interior of O-tiles, i.e., discontinuities can only occur at the boundaries of
0-tiles. To overcome these difficulties, we use the split sphere S (see Definition ) instead of the
sphere S? by splitting S? into two parts XE? and X{ and then considering their disjoint union. Then

the product of function spaces can be identified naturally with the space of functions on S. This
allows us to define the normalized split Ruelle operators on the space of continuous functions on the
split sphere S. Moreover, we verify that the normalized split Ruelle operators behave well under
iterations.

We then prove the uniform convergence of functions under the iterations of the normalized split
Ruelle operators. A key step is to show that the normalized split Ruelle operator has a uniform
contraction on some specific function space (described by some abstract modulus of continuity).
More specifically, for each function v in such a space, we show that the uniform norm ||| of
the function strictly decreases by a constant after several iterations of the normalized split Ruelle
operators (see Lemma p.10). Our strategy is to find two preimages y and z such that v(y) < ||v||cc —9
and v(z) > —||v[|c + ¢ for some § > 0, and then establish the desired uniform bounds by a careful
study of the combinatorics of tiles and tile maximal invariant sets of subsystems. One technical issue
arises from the fact that preimages converge to the tile maximal invariant set €2 under backward
iterations of the dynamics, while the function v is defined on the whole space, which is larger than




THERMODYNAMIC FORMALISM FOR SUBSYSTEMS OF EXPANDING THURSTON MAPS II 7

Q. Thus we need to find a way to show that the desired preimages exist. The idea is to involve
eigenmeasures and show that they are supported on (2. Next, we can find two points y_ and z4 in €2
such that v(y—) < 0 and v(z4) > 0. Then we use the primitivity of the subsystem and combinatorics
of tiles to construct two preimages y and z with the desired properties. We remark that here, the
assumption of primitivity is necessary and guarantees that preimages y and z can be constructed
under the same backward iteration. Otherwise, there is a counter-example (see Remark p.11)).

Afterward, we establish the uniqueness of the eigenmeasure and a key lemma (Lemma ),
from which the differentiability of the topological pressure follows. Then, by applying the result
Theorem from functional analysis, we finish the proof of the uniqueness of equilibrium state.

We next prove that the measure-preserving transformation F'|q of the probability space (€2, pur,¢) is
exact (Theorem .3), where we use the Jacobian function and the Gibbs property of the equilibrium
state (p g (@j} Theorem ) In particular, it follows that the equilibrium state pr 4 is non-atomic
(Corollary p.4), and the transformation F'|q is mixing and ergodic (Corollary (.6).

Finally, we prove the equidistribution results for preimages (Theorem EI) by applying the uniform
convergence results (Theorem m and Lemma ) established in the proof of the uniqueness.

To prove Theorem [1.2. we use a variant of Y. Kifer’s result [Kif90], as formulated by H. Comman
and J. Rivera-Letelier [CRL11], which is recorded in Theorem 8.3. In order to apply Theorem @,
we need to verify three conditions: (1) the existence and uniqueness of the equilibrium state, (2)
the upper semi-continuity of the measure-theoretic entropy, and (3) some characterization of the
topological pressure (see Propositions and B.§). The first condition has been established in
Theorem [l.1l. The second condition is known to hold for expanding Thurston maps without periodic
critical points (see [LS24, Theorem 1.1]) and is satisfied for subsystems by Lemma @ The last
condition can be verified using a characterization of topological pressure established in [LSZ25] (see
() in Theorem )

We now describe the structure of this paper.

In Section P, we fix some notation that will be used throughout the paper. In Section E, we first
review some notions from ergodic theory and dynamical systems and go over some key concepts and
results on Thurston maps. Then we review some concepts and results on subsystems of expanding
Thurston maps. In Section @, we state the assumptions on some of the objects in this paper, which we
will repeatedly refer to later as the Assumptions in Section . In Section E, we prove the uniqueness
of the equilibrium states for subsystems. We introduce normalized split Ruelle operators and prove
the uniform convergence for functions under iterations of the normalized split Ruelle operators.
In Section f, we prove some ergodic properties of the unique equilibrium state for subsystem. In
Section [f], we establish equidistribution results for preimages for subsystems of expanding Thurston
maps. In Section E, we prove Theorem and its corollaries.

2. NOTATION

Let C be the complex plane and C be the Riemann sphere. Let S? denote an oriented topological
2-sphere. We use N to denote the set of integers greater than or equal to 1 and write Ng := {0} UN.
The cardinality of a set A is denoted by card(A).

Let g: X — Y be a map between two sets X and Y. We denote the restriction of g to a subset Z
of X by g‘ Z.

Consider a map f: X — X on a set X. The inverse map of f is denoted by f~!. We write f” for
the n-th iterate of f, and f=" = (f*)~!, for n € N. We set f° :=idx, the identity map on X. For
a real-valued function ¢: X — R, we write

—_

n—

Supla) = Sle@) = Y ¢(f(x)

<

for x € X and n € Ng. We omit the superscript f when the map f is clear from the context. Note
that when n = 0, by definition, we always have Sgp = 0.
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Let (X, d) be a metric space. For each subset Y C X, we denote the diameter of Y by diamgy(Y) :=
sup{d(z,y) : z, y € Y}, the interior of Y by int(Y"), and the characteristic function of Y by 1y, which
maps each x € Y to 1 € R and vanishes otherwise. For > 0 and = € X, we denote the open (resp.
closed) ball of radius r centered at x by By(x,r) (resp. By(x,r)). We often omit the metric d in the
subscript when it is clear from the context.

For a compact metrizable topological space X, we denote by C(X) (resp. B(X)) the space of
continuous (resp. bounded Borel) functions from X to R, by M(X) the set of finite signed Borel
measures, and P(X) the set of Borel probability measures on X. For u € M(X), we denote by ||u]|
the total variation norm of u. Additionally, for u € C'(X), we denote

(1, u) = /udu,
and define the finite signed Borel measure up € M(X) as

(up)(A) == /ud,u for Borel set A C X.
A

For a point z € X, we define 0, as the Dirac measure supported on {z}. If we do not specify
otherwise, we equip C'(X) with the uniform norm [|-|¢(x) = |||, and equip M(X) and P(X)
with the weak* topology. According to the Riesz representation theorem (see for example, [Fol99,
Theorems 7.17 and 7.8]), we identify the dual of C(X) with the space M(X).

The space of real-valued Holder continuous functions with an exponent 5 € (0, 1] on a metric space
(X, d) is denoted as C%P(X,d). For each ¢ € C¥P(X,d),

|o|g = SHP{W cx,y € X, x#y},

and the Holder norm is defined as [[¢||co.s = [¢]s + [|9llc(x)-

3. PRELIMINARIES

3.1. Thermodynamic formalism. We first review some basic concepts from ergodic theory and
dynamical systems. For more detailed studies of these concepts, we refer the reader to [KH95,
Chapter 20] and [Wal82, Chapter 9].

Let (X, d) be a compact metric space and g: X — X a continuous map. Given n € N,

dg (x,y) = max{d(¢"(z),¢"(y)) : k€ {0, 1,...,n—1}}, forz, ye X,

defines a metric on X. A set F' C X is (n, €)-separated (with respect to g), for some n € N and € > 0,
if for each pair of distinct points z, y € F', we have dj (z,y) > €.

For each real-valued continuous function ¢ € C(X), the following two limits exist and are equal
(see for example, [KH95, Subsection 20.2]), which we denote by P(g,):

A 1 TR |

(3.1) P(g,v) = Jim lﬁiﬁff —log Na(g,9,e,n) = Jim lim inf —log Na(g, ¥, e, n),
where Ny(g,¢,e,n) = Sup{Z;EEE exp(Snz/J(m)) : E C X is (n,e)-separated with respect to g}. We
call P(g,v) the topological pressure of g with respect to the potential v. In particular, when ¢ = 0,
the quantity hiop(g) == P(g,0) is called the topological entropy of g. Note that P(g, ) is independent
of d as long as the topology on X defined by d remains the same (see for example, [KH95, Subsec-
tion 20.2]). Moreover, the topological pressure is well-behaved under iteration. Indeed, if n € N,
then P(g", Spv) = nP(g,%) (see for example, [Wal82, Theorem 9.8 (i)]).

We denote by B the o-algebra of all Borel sets on X. A measure on X is understood to be a Borel
measure, i.e., one defined on B. We call a measure p on X g-invariant if

n(g(A) = u(A)
for all A € B. We denote by M (X, g) the set of all g-invariant Borel probability measures on X.
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Let € M(X,g). Then we say that g is ergodic for pu (or u is ergodic for g) if for each set A € B
with g71(A) = A we have u(A) =0 or u(A) = 1. The map g is called mizing for p if
(3.2) lim p(g~"(A)NB) = p(A)u(B)

n—-+0o
for all A, B € B. It is easy to see that if ¢ is mixing for u, then g is also ergodic.
For each real-valued continuous function ¢ € C(X), the measure-theoretic pressure P,(g,v) of g
for the measure p € M(X,g) and the potential ¥ is

(3.3) Pu(g.1) = / b,

where h,(g) is the measure-theoretic entropy of g for f.
The topological pressure is related to the measure-theoretic pressure by the so-called Variational
Principle. Tt states that (see for example, [KH95, Theorem 20.2.4])

(34) P(gﬂ#) = Sup{P}L(gv ¢) HYINS M(Xv g)}
for each ¢ € C(X). In particular, when % is the constant function 0,
(3.5) htop(9) = supfhu(g) : p € M(X, g)}.

A measure p that attains the supremum in (@) is called an equilibrium state for the map g and the
potential ©). A measure p that attains the supremum in (B.5) is called a measure of maximal entropy
of g.

Let X be another compact metric space. If p is a measure on X and the map n: X — X is
continuous, then the push-forward m.p of p by 7 is the measure given by m,u(A) = ,u(ﬂ'_l(A)) for
all Borel sets A C X.

3.2. Thurston maps. In this subsection, we go over some key concepts and results on Thurston
maps and expanding Thurston maps in particular. For a more thorough treatment of the subject,
we refer to [BM17, Lil7, LSZ25].

Let S? denote an oriented topological 2-sphere and f: S? — S? be a branched covering map. We
denote by deg;(z) the local degree of f at x € S2. The degree of f is deg f = erf )degf(x) for

y € S? and is independent of y.

A point € S? is a critical point of f if degy(z) > 2. The set of critical points of f is denoted by
crit f. A point y € S? is a postcritical point of f if y = f™(x) for some z € crit f and n € N. The set
of postcritical points of f is denoted by post f.

Definition 3.1 (Thurston maps). A Thurston map is a branched covering map f: S? — S? on S?
with deg f > 2 and card(post f) < +oo.

We now recall the notation for cell decompositions of S? used in [BM17] and [LSZ25]. A cell of
dimension n in S?, n € {1, 2}, is a subset ¢ C S? that is homeomorphic to the closed unit ball B" in
R™, where B" is the open unit ball in R™. We define the boundary of ¢, denoted by Oc, to be the set
of points corresponding to OB™ under such a homeomorphism between ¢ and B". The interior of c is
defined to be inte(c) = ¢\ de. For each point z € S, the set {z} is considered as a cell of dimension
0 in S2. For a cell ¢ of dimension 0, we adopt the convention that dc = () and inte(c) = c.

Let f: S2 — S2 be a Thurston map, and C C S? be a Jordan curve containing post f. Then the
pair f and C induces natural cell decompositions D"(f,C) of S2, for each n € Ny, in the following
way:

By the Jordan curve theorem, the set S?\ C has two connected components. We call the closure
of one of them the white 0-tile for (f,C), denoted by X0, and the closure of the other one the black
0-tile for (f,C), denoted be X{. The set of O-tiles is Xo(f C) == {X¢, XJ}. The set of 0-vertices is

VO(f,C) = post f. We set V (f,C) = {{x} r € V(f,C } The set of 0-edges E°(f,C) is the set
of the closures of the connected components of C \ post f. Then we get a cell decomposition

D(f,C) =X (f,C) UE*(f,C) UV'(},C)
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of S? consisting of cells of level 0, or 0-cells.

We can recursively define the unique cell decomposition D™ (f,C), n € N, consisting of n-cells such
that f is cellular for (D"*1(f,C),D"(f,C)). We refer to [BM17, Lemma 5.12] for more details. We
denote by X"(f,C) the set of n-cells of dimension 2, called n-tiles; by E"(f,C) the set of n-cells of
dimension 1, called n-edges; by V' (f,C) the set of n-cells of dimension 0; and by V"(f,C) the set
{z : {z} € V"(f,C)}, called the set of n-vertices. The k-skeleton, for k € {0, 1}, of D"(f,C) is the
union of all n-cells of dimension k in this cell decomposition.

For n € Ny, we define the set of black n-tiles as

Xp(f,€) = {X e X"(f,0) : f"(X) = X¢'},
and the set of white n-tiles as
X (f,C)={X e X"(f,C): f"(X)=Xp}.

From now on, if the map f and the Jordan curve C are clear from the context, we will sometimes
omit (f,C) in the notation above.

Definition 3.2 (Expansion). A Thurston map f: S? — S? is called expanding if there exists a metric
d on S? that induces the standard topology on S? and a Jordan curve C C S? containing post f such
that
(3.6) lim max{diamg(X): X € X"(f,C)} =0.
n—-+00

For an expanding Thurston map f, we can fix a particular metric d on S? called a wvisual metric
for f. For the existence and properties of such metrics, see [BM17, Chapter 8]. For a visual metric
d for f, there exists a unique constant A > 1 called the expansion factor of d (see [BM17, Chapter 8]
for more details). One significant advantage of a visual metric d is that in (S2,d), we have good
quantitative control over the sizes of the cells in the cell decompositions.

We record the following lemma from [Lil8, Lemma 3.13], which generalizes [BM17, Lemma 15.25].

Lemma 3.3 (M. Bonk & D. Meyer [BM17]; Z. Li [Li18]). Let f: S* — S? be an expanding Thurston
map, and C C S? be a Jordan curve that satisfies post f C C and f¢(C) C C for some nc € N. Let
d be a visual metric on S? for f with expansion factor A > 1. Then there exists a constant Cy > 1,
depending only on f, C, ne, and d, with the following property:

Ifn, k € Ng, X"k ¢ XnTF(f,C), and z, y € X"t%, then

(3.7) Co td(z,y) < d(f(x), f™(y))/A" < Cod(, y).
The next distortion lemma follows immediately from [Lil8, Lemma 5.1].

Lemma 3.4. Let f: S? — S? be an expanding Thurston map, and C C S? be a Jordan curve that
satisfies post f C C and f¢(C) C C for some nec € N. Let d be a visual metric on S? for f with
expansion factor A > 1. Let ¢ € C%P(S2,d) be a real-valued Hélder continuous function with an
exponent 5 € (0,1]. Then there exists a constant C1 > 0 depending only on f, C, d, ¢, and B such
that for all n € Ng, X™ € X"(f,C), and z, y € X",

(3.8) [Snd(x) = Snd(y)| < Crd(f" (), ()" < C1(diamg(5%))".
Quantitatively, we choose
(3.9) C1 = Colgls/ (1 -~ A7),

where Cy > 1 is the constant depending only on f, C, and d from Lemma @

A Jordan curve C C S2 is f-invariant if f(C) C C. If C is f-invariant with post f C C, then the cell
decompositions D™( f,C) have nice compatibility properties. In particular, D"**(f,C) is a refinement
of D"(f,C), whenever n, k € Ny. Intuitively, this means that each cell D" (f,C) is “subdivided” by the
cells in D"**(f,C). According to Example 15.11 in [BM17], such f-invariant Jordan curves containing
post f need not exist. However, M. Bonk and D. Meyer [BM17, Theorem 15.1] proved that there
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exists an f"-invariant Jordan curve C containing post f for each sufficiently large n depending on f.
We record it below for the convenience of the reader.

Lemma 3.5 (M. Bonk & D. Meyer [BM17]). Let f: S% — S% be an ezxpanding Thurston map, and
C C 82 be a Jordan curve with post f C C. Then there exists an integer N(f, ) € N such that for
eachn > N(f,C ) there exists an f™-invariant Jordan curve C isotopic to C rel. post f.

For the convenience of the reader, we record Proposition 12.5 (ii) of [BM17] here.

Proposition 3.6 (M. Bonk & D. Meyer [BM17]). Let k, n € Ng, f: S? — 5% be a Thurston map,
and C C S% be an f-invariant Jordan curve with post f C C. Then every (n + k)-tile X"+* is
contained in a unique k-tile X*.

3.3. Subsystems of expanding Thurston maps. In this subsection, we review some concepts
and results on subsystems of expanding Thurston maps. We refer the reader to [LSZ25, Section 5]
for details.

We first introduce the definition of subsystems along with relevant concepts and notations that
will be used frequently throughout this paper. Additionally, we will provide examples to illustrate
these ideas.

Definition 3.7. Let f: S — S? be an expanding Thurston map with a Jordan curve C C S?
satisfying post f C C. We say that a map F': dom(F) — S? is a subsystem of f with respect to C if
dom(F) = |J X for some non-empty subset X C X!(f,C) and F = fldom(r)- We denote by Sub(f,C)
the set of all subsystems of f with respect to C. Define

Sub,(f,C) := {F € Sub(f,C) : dom(F) C F(dom(F))}.
Consider a subsystem F' € Sub(f,C). For each n € Ny, we define the set of n-tiles of F' to be
(3.10) X"(F,C) ={X" e X"(f,C): X" C F "(F(dom(F)))},

where we set F :=idg2 when n = 0. We call each X" € X"(F,C) an n-tile of . We define the tile
maximal invariant set associated with F' with respect to C to be

(3.11) QF,C) = (an(F,C)),
neN
which is a compact subset of S2. Indeed Q F C) is forward invariant with respect to F', namely,
F(QUF,C)) C Q(F,C) (see Propos1t10n (ii)). We denote by Fg the map Flare): QUF,C) —
Q(F,C).
Let Xg, X2 € XO(f,C) be the black 0-tile and the white 0-tile, respectively. We define the color
set of F as
¢(F,C) = {ce {b,w}: X € X"(F,C)}.
For each n € Ny, we define the set of black n-tiles of F' as
Xp(F,.C)={X e X"(F,C): F"(X) = Xg},
and the set of white n-tiles of F' as
XL(F,C)={X e X"(F,C) : F"(X) = X3 }.
Moreover, for each n € Ny and each pair of ¢, s € {b,w} we define
XL(FC)={XeX}(FC): X CX]}

In other words, for example, a tile X € X} (F,C) is a black n-tile of F' contained in X0 ie., an n-tile
of F that is contained in the white O-tile X as a set, and is mapped by F™ onto the black 0-tile X E.
By abuse of notation, we often omit (F,C) in the notations above when it is clear from the context.
We discuss four examples below and refer the reader to [LSZ25, Subsection 5.1] for more examples.
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Example 3.8. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying
post f C C. Consider F' € Sub(f,C).

(i)

(i)

(iii)

The map F satisfies dom(F) = X} UX, for some X! € X{(f,C) and X, € X} (f,C) satisfying
Xg C inte(Xg) and X} C inte(Xg). In this case, F' is surjective and Q = {p, ¢} for some
pE Xé and ¢ € X.. One sees that F(£2) = Q since F(;@: p and F(q) = ¢q. In particular,
Flo: Q — Q is not topological transitive (see Definition [6.7).

The map F satisfies dom(F) = X} UX,. for some X} € X{(f,C) and X, € X} (f,C) satisfying
X¢ Cinte(X2) and Xg, C inte(XJ). In this case, F is surjective and Q = {p, ¢} for some
p € X} and ¢ € X;. One sees that F(2) = Q since F(p) = g and F(q) = p. In particular,
Flo: Q — Q is topological transitive but not topological mixing (see Definition @)

The map F: dom(F) — S? is represented by Figure @ Here S? is identified with a pillow
that is obtained by gluing two squares together along their boundaries. Moreover, each square
is subdivided into 3 x 3 subsquares, and dom (F) is obtained from S? by removing the interior
of the middle subsquare X, € X} (f,C) and X [} € X%( f,C) of the respective squares. In this
case, () is a Sierpinski carpet. It consists of two copies of the standard square Sierpinski
carpet glued together along the boundaries of the squares.

dom(F') \52

\

FIGURE 3.1. A Sierpinski carpet subsystem.

The map F': dom(F) — S? is represented by Figure @ Here S? is identified with a pillow
that is obtained by gluing two equilateral triangles together along their boundaries. Moreover,
each triangle is subdivided into 4 small equilateral triangles, and dom (F) is obtained from
S? by removing the interior of the middle small triangle X} € X{(f,C) and X € X} (f.C)
of the respective triangle. In this case, €2 is a Sierpinski gasket. It consists of two copies of
the standard Sierpinski gasket glued together along the boundaries of the triangles.

dom(F) 2

FIGURE 3.2. A Sierpinski gasket subsystem.

We summarize some preliminary results for subsystems in the following proposition.
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Proposition 3.9 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S* — 52 be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Consider F € Sub(f,C). Consider arbitrary
n, k € Ng. Then the following statements hold:

(i) If X € X"k(F,C) is any (n + k)-tile of F, then F¥(X) is an n-tile of ', and F*|x is a
homeomorphism of X onto F*(X). As a consequence, we have {F*(X): X € X" (F,C)} C
X"(F,C).

(ii) The tile maximal invariant set Q2 is forward invariant with respect to F, i.e., F(Q) C Q.

(iii) If f(C) C C, then |JX"TF(F,C) C UX™(F,C) C UX'(F,C) = dom(F) for all n, k € N.

(iv) If f(C) CC and F € Sub.(f,C), then F(Q) = Q # (.

Proposition @ and are from [LSZ25, Proposition 5.4 (i) and (iii)]. Proposition @ is
from [LSZ25, Proposition 5.5 (i)]. Proposition)@ is from [LSZ25, Proposition 5.6 (ii)].

We introduce the following concepts of degrees and local degrees for subsystems.

Definition 3.10 (Degrees). Let f: S — S? be an expanding Thurston map with a Jordan curve
C C S? satisfying post f C C. Consider F' € Sub(f,C). The degree of F is defined as

deg F = sup{card(F_l({y})) Ty € SQ}.
Consider arbitrary z € S? and n € N. We define the black degree of F™ at x as
degy (F",x) == card{X € X (F,C) : x € X}).
Similarly, we define the white degree of F™ at x as
deg, (F", x) == card({X € X}, (F,C) : z € X}).
Furthermore, for each pair of ¢, s € {b,w} we define
deg(F",z) = card{X € X (F,C) : z € X}).

Definition 3.11 (Irreducibility). Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying post f C C. Consider F' € Sub(f,C). We say F is an irreducible (resp. a
strongly irreducible) subsystem (of f with respect to C) if for each pair of ¢, s € {b, 0}, there exists
an integer n = n(c,s) € N and X" € XI'*(F,C) satisfying X" C X? (resp. X" C inte(X)). We
denote by np the constant max s (pw} 7(¢,5), which depends only F' and C.

Obviously, if F is irreducible then €(F,C) = {b,w} and F(dom(F)) = S2.

Definition 3.12 (Primitivity). Let f: S — 52 be an expanding Thurston map with a Jordan curve
C C S? satisfying post f C C. Consider F' € Sub(f,C). We say that F is a primitive (resp. strongly
primitive) subsystem (of f with respect to C) if there exists an integer ny € N such that for each
pair of ¢, 5 € {b, 1} and each integer n > np, there exists X" € X7(F,C) satisfying X" C X? (resp.
X" C inte(X?)).

We record [LSZ25, Lemmas 5.21 and 5.22] below.

Lemma 3.13 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S?> — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Let F € Sub(f,C) be irreducible (resp. strongly
irreducible). Let np € N be the constant from Definition , which depends only on F' and C. Then
for each k € Ny, each ¢ € {b,w}, and each k-tile X* € XF(F,C), there exists an integer n € N with
n < np and XF" € XM(F,C) satisfying XF" C XF (resp. X+ C inte(X*)).

Lemma 3.14 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S?> — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Let F_€ Sub(f,C) be primitive (resp. strongly
primitive). Let np € N be the constant from Definition , which depends only on F' and C. Then
for each n € N with n > np, each m € Ny, each ¢ € {b,w}, and each m-tile X™ € X™(F,C), there
exists an (n + m)-tile X" € X" (F,C) such that Xt™ C X™ (resp. X™ C inte(X™)).
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The following distortion lemma established in [LSZ25, Lemma 5.25 (ii)] serves as a cornerstone in
the development of thermodynamic formalism for subsystems of expanding Thurston maps.

Lemma 3.15 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S? — S? be an expanding Thurston map,
and C C S? be a Jordan curve that satisfies post f C C and f(C) C C. Consider F € Sub(f,C). Let
d be a visual metric on S? for f with expansion factor A > 1. Let ¢ € C*P(S2,d) be a real-valued
Holder continuous function with an exponent 5 € (0,1].

If F is irreducible, then there exists a constant C>1 depending only on F, C, d, ¢, and B such
that for each n € Ny, each pair of ¢, s € €(F,C), each x € X0, and each y € X2, we have

Do XPexn(FC) exp(Sp o((F"xn) M (2)))  ~

(312) Yxpexs(re) P (SEO((F"xp) 7 ()

Quantitatively, we choose

(3.13) C = (deg f)"F exp(2nr[|¢]o + C1(diamy(5?))?),

where np € N is the_constant in Definition and depends only on F' and C, and C1 > 0 is the
constant defined in (B.9) in Lemma and depends only on f, C, d, ¢, and (.

3.4. Ergodic theory of subsystems. In this subsection, we review some concepts and results
on the ergodic theory of subsystems of expanding Thurston maps. We refer the reader to [LSZ25,
Section 6] for details.

We first define the topological pressure for subsystems.

Definition 3.16 (Topological pressure). Let f: S? — S? be an expanding Thurston map with a
Jordan curve C C S? satisfying post f C C. Consider F € Sub(f,C). For a real-valued function
¢: §2 = R, we denote

Zn(F,p) = Z exp(sup{S’f?gp(:U) cxe X"}
Xnexn(FC)

for each n € N. We define the topological pressure of F' with respect to the potential ¢ by

1
14 = liminf — 1 .
(3.14) P(F, ) = liminf —log(Zn(F, ¢))
We denote
(3.15) Pi=p— P(F,p).

Remark. We note that the definition () used here differs from the classical definition in (@) pre-
sented in Subsection B.1,, which applies to F|g and ¢|q. Indeed, they coincide in our context, namely,
for a strongly irreducible subsystem and a Holder continuous potential (see () in Theorem @3,

We introduce the notion of the split sphere (see Definition ), and set up some identifications
and conventions (see Remarks and @), which will be used frequently in this paper.

Definition 3.17. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C 52
satisfying post f C C. We define the split sphere S to be the disjoint union of XE? and X0, i.e.,

§Z: X[?uXt% = {(ZE,C) SIS {b7m}7 ‘TGX‘?}
For each ¢ € {b,w}, let
(3.16) it X0 = S

be the natural injection (defined by ic(z) := (,¢)). Recall that the topology on S is defined as the
finest topology on S for which both the natural injections iy and iy, are continuous. In particular, S
is compact and metrizable.
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Notational Remark. From now on, we write
(Kb b)) (Aps Ar) = p16(Ap) + piro (Awo),

(16, tro) 5 (o, Ur)) = (tp, Up) + (Hro, Urn) :/

wp dftp +/ Upp dfno s
X0 X9

Ly

whenever (pp, fin) € M(X[?) XM(X‘%), (up, up) € B(Xg) X B(Xg), and Ay and Ay, are Borel subset
of X ,9 and X, respectively. In particular, for each Borel set A C S2, we define

(3.17) (1o, pio) (A) = (6, fir0) (AN X, AN XR) = o (AN XE) + pio (AN XR).

Remark 3.18. The product space C'(X7) x C(Xp) (resp. B(X{) x B(X3)) can be naturally iden-
tified with C(S) (resp. B(S)). Similarly, the product space M (X?) x M(XQ) can be identified with
./\/l(g ). Under such identifications, we write

/(Ubaum)d(ﬂb,ﬂm) = (1o, tro ), (o Uno)) and (p, Uno ) (Kb Hiro) == (b L Uro fhro)

whenever (pp, fw) € M(XP) x M(X2) and (up, un) € B(XY) x B(X3).

Moreover, we have the following natural identification of P(.S):
P(S) = { (1o, o) € M(X[?) X M(XS,) : p and puy are positive measures, fip (X[?) + fino (Xr?,) =1}.
Here we follow the terminology in [Fol99, Section 3.1] that a positive measure is a signed measure
that takes values in [0, 4o00].
Remark 3.19. It is easy to see that () defines a finite signed Borel measure p = (g, i) o0 52.

Here we use the notation g (resp. (i, fo)) When we view the measure as a measure on S2 (resp. S),
and we will always use these conventions in this paper. In this sense, for each u € B(S?) we have

(3.18) ) = fudp = [ ue)alpspin) = [ i+ [ b

b
where up = U’XQ and uy = u\Xg. Moreover, if both pp and uy, are positive measures and g (XE?) +
Lo (Xg) =1, then u = (up, fin) defined by () is a Borel probability measure on S2. In view of
the identifications in Remark , this means that if (g, i) € P(S), then p € P(S?).
We next introduce the split Ruelle operator and its adjoint operator, which are the main tools
in [LSZ25] and this paper to develop the thermodynamic formalism for subsystems of expanding

Thurston maps. We summarize relevant definitions and facts about the split Ruelle operator and its
adjoint operator, and refer the reader to [LSZ25, Subsections 6.2 and 6.4] for details.

Definition 3.20 (Partial split Ruelle operators). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f € C. Consider F € Sub(f,C) and ¢ € C(S?). We

define a map £ B(Xﬁo) — B(X?), for ¢, s € {b,w}, and n € Ny, by

Fipos®
£ W)= Y deg(F" 2)u(z) exp(SEo(x))
(3.19) weF ()
= Y w((F"xn) " () exp(SEo((F"xn) T (®)))
Xnexn (F,C)

for each real-valued bounded Borel function u € B(X{) and each point y € X?.

Definition 3.21 (Split Ruelle operators). Let f: S? — S? be an expanding Thurston map with a
Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C) and ¢ € C(S?). The split Ruelle
operator for the subsystem F' and the potential ¢

Li: C(X9) x C(X8) - C(XY) x C(XD)
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on the product space C’(XO) X C’(Xr%) is defined by

(3.20) L (tt, t0) = (L6 (06) + L 10 (00)s L5 0,6 (10) + L o 100))
for each uy € C(X[?) and each uy € C’(Xg).

The following lemma proved in [LSZ25, Lemma 6.10] shows that the split Ruelle operator is well-
behaved under iterations.

Lemma 3.22 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S? — S? be an expanding Thurston map with
a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider F € Sub(f,C) and ¢ € C(S?).
We assume in addition that F(dom(F)) = S2. Then for alln € Ny, up € C (X)), and up € C(X3),

(3.21) Lip o (g, ) = (L) 0 o (ue) + L5 o (), L5 () + L8 ().

Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying post f C C.
Consider F € Sub(f,C) and ¢ € C(S?). We assume in addition that F(dom(F)) = S?. Note that the
split Ruelle operator g, (see Definition ) is a positive, continuous operator on C' (X 8) xC (X‘%).
Thus, the adjoint operator

Lig: (C(X) x C(Xy))" = (C(Xp) x C(Xy))"

of Lr, acts on the dual space (C(Xg) X C(X,%)) of the Banach space C(XO) X C(XO). By the
Riesz representation theorem (see [Fol99, Theorems 7.17 and 7.8]) and [LSZQ5 Proposition 6.12],
we can identify (C (X[?) x C (Xg))* with the product of spaces of finite signed Borel measures
M(XP) x M(X3), where we use the norm ||(up, up)|| := max{||up||, [|uw||} on C(X{) x C(X3), the
corresponding operator norm on (C(X?) x C(X2))", and the norm ||(ztp, pw)|| = ||t + ||| o1
M(Xg) X M(X,%). Then by Remark , we can also view Lp, (resp. ]L}’@) as an operator on
C(S) (resp. M(S)).

We record the following three results (Lemma , Theorems , and ) on the split Ruelle
operators and their adjoint operators for subsystems.

Lemma 3.23 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S? — S? be an expanding Thurston map with
a Jordan curve C C S? satisfying post f C C and f(C) C C. Let F € Sub(f,C) be irreducible. Let d be
a visual metric on S? for f with expansion factor A > 1. Let ¢ € C%P(S2,d) be a real-valued Hilder
continuous function with an exponent B € (0,1]. Then there exists a constant C’l 0 depending only
on F,C, d, ¢, and B such that for each n € N, each ¢ € {b,w}, and each pair of x,y € X?, the
following inequalities holds:

L (15) (@) /L2 (15) (@) < exp(Crd(z,9)°) < C,

(3.22) Ch <Ly 5(15)@) < C,
(3.23) L35 (15)(@) - Lo (15) )] < C(exp(Crd(z,y)?) — 1) < Cid(w,y)”,

where & == i.(x) = (z,¢) € S, §=1i.(y) = (y,¢) € S (recall Remark |5.18 -), Cy >0 s the constant in
Lemma 5.4 depending only on f, C, d, ¢, and 3, and C > 1 is the constant in Lemma 1 depending
only on F, C,d, ¢, and 5.

Recall from () that ¢ = ¢ — P(F, ¢). Lemma was proved in [LSZ25, Lemma 6.21].

Definition 3.24 (Gibbs measures for subsystems). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C). Let d be a visual metric
on S? for f and ¢ be a real-valued Holder continuous function on S? with respect to the metric d. A
Borel probability measure p € P(S?) is called a Gibbs measure with respect to F, C, and ¢ if there
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exist constants P, € R and C}, > 1 such that for each n € Ny, each n-tile X" € X"(F,C), and each
x € X™, we have
1 p(X™)

3.24 — < < O

(3:24) Gy S exp(STo(x) —nPy) S

Theorem 3.25 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider F € Sub(f,C). We
assume in addition that F(dom(F)) = S2. Let d be a visual metric on S? for f and ¢ be a real-valued
Hélder continuous function on S? with respect to the metric d. Then there exists a Borel probability

measure mpy = (Mp, Mpy) € P(S) such that

(3.25) L}7¢(mbumm) = ’Q(mbamm)a

where kK = <L}¢(mb, My ), Il§>. Moreover, if F' is strongly irreducible, then any mpg = (mp, Mp) €
73(5) that satisfies () for some k > 0 has the following properties:

(D) mrg(UZ5 f77(C) =0.
(ii) For each Borel set A C dom(F) on which F is injective, mp(F(A)) = [, kexp(—¢)dmpg.

(iii) The measure mpg is a Gibbs measure with respect to F', C, and ¢ with Py, , = P(F,¢) =
log k. Here P(F,¢) is defined by ()

We follow the conventions discussed in Remarks and . In particular, we use the notation
(mp, M) (resp. mpe) to emphasize that we treat the eigenmeasure as a Borel probability measure
on S (resp. 52).

The existence of eigenmeasure (my, my,) in Theorem is part of [LSZ25, Theorem 6.16]. The-
orem was_established in [LSZ25, Proposition 6.26]. Theorem and follow imme-
diately from [LSZ25, Proposition 6.28 (i) and (ii)].

The next theorem was established in [LSZ25, Theorem 6.24].

Theorem 3.26 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S* — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C and f(C) € C. Let F € Sub(f,C) be
strongly irreducible. Let d be a visual metric on S* for f with expansion factor A > 1. Let
¢ € COP(S?,d) be a real-valued Holder continuous function with an exponent 5 € (0,1]. Then the

sequence {% Z;:ol ]L;ﬂg(]lg) }nEN converges uniformly to a function upg = (up, Up) € 0.8 (XE?, d) X
Cco8 (Xg,d), which satisfies

(3.26) LF@(ﬂF,d)) = ﬁp@ and

(3.27) C ' <upy(@) <C  foreach T € S,

where C' > 1 is the constant from Lemma depending only on f, C, d, ¢, and 5. Moreover, if we

let mp 4 = (mp, my) be an eigenmeasure from Theorem |3.24, then

/yﬂp@ d(mp, mw) = 1,
S

and pipg = (Mo, o) = Up,p(Mp, M) s an f-invariant Gibbs measure with respect to F', C, and ¢,
with ppg(QUEF,C)) =1 and

1
(3.28) Pupy = Py, = P(F,¢) = lim —log(L%,(13)()),

n—-+oo N
for each § € S. In particular, prg(U) # 0 for each open set U C S? with U NQ(F,C) # 0.

We record the following Variational Principle and the existence of equilibrium states for subsystems
established in [LSZ25, Theorems 6.29 and 6.30]. Recall that F/(©2) C Q by Proposition @
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Theorem 3.27 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Let F € Sub(f,C) be strongly
irreducible. Let d be a visual metric on S? for f and ¢ be a real-valued Hélder continuous function
on S? with respect to the metric d. Then we have

(3.29) P(F.) = P(Fla.dla) = sw{hu(Flo) + [ odu: e M@, Fla)}.

and there exists an equilibrium state for Fl|q and ¢|lq, where P(F,¢) is defined by () and
P(Flq, ¢lo) is defined by (B.1).

Moreover, any measure jip g € M(S?, f) defined in Theorem is an equilibrium state for F|q
and ¢lo, and the map F|q with respect to such ppg is forward quasi-invariant (i.e., for each Borel

set ACQ, if upe(A) =0, then upe((Fla)(A)) =0).

4. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our theory in most parts of this paper.
We will selectively use some of the following assumptions in the remaining part of the paper.

The Assumptions.
(1) f:S? — S? is an expanding Thurston map.
(2) C C S? is a Jordan curve containing post f with the property that there exists an integer
ne € N such that f(C) C C and f™(C) Z C for each m € {1, ..., n¢ — 1}.
(3) F € Sub(f,C) is a subsystem of f with respect to C.
(4) d is a visual metric on S? for f with expansion factor A > 1.
(5) B €(0,1].
(6) ¢ € C%P(S2,d) is a real-valued Holder continuous function with an exponent f§.

Observe that by Lemma @, for each f in , there exists at least one Jordan curve C that satisfies
. Since for a fixed f, the number n¢ is uniquely determined by C in , in this paper, we will say
that a quantity depends on C even if it also depends on ng¢.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely determined by d
and f. We will say that a quantity depends on f and d if it depends on A.

In the discussion below, depending on the conditions we will need, we will sometimes say “Let f,
C, d, ¢ satisfy the Assumptions.”, and sometimes say “Let f and C satisfy the Assumptions.”, etc.

5. UNIQUENESS OF THE EQUILIBRIUM STATES FOR SUBSYSTEMS

This section is devoted to the uniqueness of the equilibrium states for subsystems, with the main
result being Theorem p.1. We first define normalized split Ruelle operators and obtain some basic
properties in Subsection p.1. Then in Subsection we introduce the notion of abstract modulus of
continuity and prove the uniform convergence for functions under iterations of the normalized split
Ruelle operators. Finally, in Subsection we establish Theorem p.1|.

Theorem 5.1. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition that
f(C) CC and F € Sub(f,C) is strongly primitive. Denote Q2 := Q(F,C) and Fq = F|q. Then there
exists a unique equilibrium state g4 for Fo and ¢|lo. Moreover, the map Fo with respect to jip,4 is
forward quasi-invariant (i.e., for each Borel set A C Q, if pp4(A) =0, then ppy(Fo(A)) =0).

We adopt the following convention.

Remark 5.2. Let X be a non-empty Borel subset of S2. Given a Borel probability measure p €
P(X), by abuse of notation, we can view p as a Borel probability measure on S? by setting pu(A) ==
(AN X) for all Borel subsets A C S2. Conversely, for each measure v € P(S?) supported on X, we
can view v as a Borel probability measure on X.
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In the proof of the uniqueness of the equilibrium state of a continuous map g on a compact metric
space X, one of the techniques is to prove the (Gateaux) differentiability of the topological pressure
function. We summarize the general ideas below, but refer the reader to [PU1(, Section 3.6] for a
detailed treatment.

Let (X,d) be a compact metric space and g: X — X be a continuous map. We assume that
the topological entropy hiop(g) is finite. Then the topological pressure function P(g,-): C(X) = R
is Lipschitz continuous [Wal82, Theorem 9.7 (iv)] and convex [Wal82, Theorem 9.7 (v)]. For an
arbitrary convex continuous function ¢Q: V' — R on a real topological vector space V, we call a
continuous linear functional L: V' — R tangent to Q at x € V if

(5.1) Q(z) + L(y) < Q(z +y), for each y € V.

We denote the set of all continuous linear functionals tangent to @ at z € V' by V; 0 It is known (see
for example, [Wal82, Theorem 9.14]) that if u € M(X, g) is an equilibrium state for g and ¢ € C(X),
then the continuous linear functional u — [udp for u € C'(X) is tangent to the topological pressure
function P(g,-) at ¢. Indeed, let v,y € C(X), and p € M(X,g) be an equilibrium state for g and
¢. Then P(g,o+7) = hu(g) + [(¢ + ) dp by the Variational Principle (@) in Subsection @G, and

P(g,9) = hu(g) + [¢dp. Tt follows that P(g,¢) + [vdu < P(g,¢ +7).

Thus, to prove the uniqueness of the equilibrium state for a continuous map g: X — X and a
*

continuous potential ¢, it suffices to show that card(C’(X )w Py .)) = 1. Then we can apply the
following fact from functional analysis (see [PU1(, Theorem 3.6.5] for a proof):

Theorem 5.3 (F. Przytycki & M. Urbanski [PU10]). Let V' be a separable Banach space and Q: V —
R be a convex continuous function. Then for each x € V, the following statements are equivalent:

(i) card( x*Q) =1.
(ii) The function t — Q(x + ty) is differentiable at 0 for each y € V.

(iii) There exists a subset U C V that is dense in the weak topology on V' such that the function
t— Q(x + ty) is differentiable at 0 for each y € U.

Now the problem of the uniqueness of equilibrium state transforms to the problem of (Gateaux)
differentiability of the topological pressure function. To investigate the latter, we need a closer study
of the fine properties of split Ruelle operators.

5.1. Normalized split Ruelle operator. In this subsection, we define normalized split Ruelle
operators and establish some basic properties that will be frequently used later.

Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying post f C C
and f(C) C C. Let d be a visual metric for f on S2, and ¢ € C%?(S2,d) a real-valued Holder
continuous function with an exponent 5 € (0,1]. Let X?, X2 € Xo(f,&be the black O-tile and

the white 0-tile, respectively. Recall from Definition and Remark that S = Xg U X0 is
the disjoint union of X[? and X, and the product spaces C(X[?) X C(X‘%), B(XE) X B(X,%), and
M(XJ) x M(XD) are identified with C(S), B(S), and M(S), respectively.

Let F' € Sub(f,C) be strongly irreducible and up g = (up, uw) € i@ be the function given by

Theor. Note that @ps(Z) > 0 for each 7 € S = X U X{ by (B.27) in Theorem . Recall
5.13)

from ( that ¢ = ¢ — P(F, ¢).

Definition 5.4 (Partial normalized split Ruelle operator). Let f, C, F, d, ¢ satisfy the Assumptions
in Section @ We assume in addition that f(C) C C and F' € Sub(f,C) is strongly irreducible. For
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each n € Ny and each pair of ¢, s € {b,w}, we define a map Zgl()b Lot B(X?) = B(X?) by

L) es(0)(@)
= Y deg(F",y)v(y) exp(S) ¢(y) — nP(F, ) +logus(y) — log uc(z))
(5.2) yer—"(z)

= Y vy exp(SFely) — nP(F,¢) + logus(y) — log uc(z))

y=(F"|xn) " (@)
XneXn (FC)

for each v € B(X?) and each point z € X?.
Remark. By () in Definition , we can write the right hand side of (@) as

L ea(®)()

:}x S (us-0)((F"xn) " (@) exp(SE o ((F™xn) " (x)) — nP(F, ¢))

(5'3) u ) XneXn(F,C)

_ L m
= uc(x)ﬁF@c’s(usv)(x).

Thus, it follows immediately from [LSZ25, Lemma 6.8] that for all n, & € Ny, ¢, s € {b,}, and
v e C(X?),

(5.4) £ () e C(X?) and
~S(n+k ~(n ~(k
(5.5) Loy = > LW (L8 ).
te{b,w}

Definition 5.5 (Normalized split Ruelle operators). Let f, C, F, d, ¢ satisfy the Assumptions in
Section H We assume in addition that f(C) C C and F € Sub(f,C) is strongly irreducible. Let

Upg = (Up, Up) € C’(g) be the continuous function given by Theorem . The normalized split

Ruelle operator EF,¢>1 C(XP) x C(XY) = C(XP) x C(X3) for the subsystem F and the potential ¢
is defined by

~ (1 1 (1 a1
(5.6) Lrg(ve, v) = (L5 46(16) + L3, o (tn)s Loy oo () + L o (o)
for each vy € C’(XE?) and each vy, € C(Xg), or equivalently, J/IV,F7¢: C(:S’V) — C’(g’) is defined by
~ 1
(5.7) F,6(0) Urg F,d)( Fg0)

for each v € C(9).

Note that by (@) and (@), the_normalized split Ruelle operator ]INJF,¢ is well-defined, and_the
equivalence of the two definitions (@) and (@) follows from (@) and Definition . By (@),

]L'OF,¢ is the identity map on C'(S). Moreover, one sees that Lp4: Cé([?) xC(X9) — C(XP) xC(XD)

has a natural extension to the space B(X[?) X B(X‘g) given by (b.6) for each vy € B (Xg) and each

vw € B(X0).
We show that the normalized split Ruelle operator L 4 is well-behaved under iterations.

Lemma 5.6. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition that

f(C) CC and F € Sub(f,C) is strongly irreducible. Then for allm € Ny and v = (v, vy) € C(S), we
have

~ _ 1 o
(58) %’,(b(v) = mL2,7$(uF’¢U) and
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(5.9) L (U, ) = (L% 4 4 (06) + L) o0 (U)s L) o (06) + L) o (010).

Proof. It follows immediately from (@) and Definition that (@) holds for all n € N. Since F'is
surjective, i.e., F(dom(F)) = S?, we know that L%,¢ is the identity map on C(S) by Definition .
Thus (@) also holds for n = 0.

The case where n = 0 and the case where n =1 both hold by definition. Assume now (@) holds
for n = k for some £ € N. Then by Definition @ and @ for each ¢ € {b,10} we have

e (LFJ:ﬁ (V5 Vo)) = WC(LF,qﬁ(ﬁ%zb 6,6(Ve) + £F¢ b, w) £ F¢m p(ve) + ﬁ%jﬁ,m,m(”m)))

(v
Sk

= 30 L0 (LR we) + LR L (vw))

se{b,w}

- Z Z E%Z;S,c,s(zg%,s,t(vt))

te{b,w} se{b,w}
(k+1)
=D £F¢,c (v,
te{b,w}
for vy € C(XE?) and vy, € C(X‘%). This completes the inductive step, establishing (@) O

Remark. Similarly, one can show that (@) and (@) hold for v = (v, vw) € B(XY) x B(XD).

Consider (g, my) € P(S) from Theorem . By Theorem , ]L;a(mh, M) = (Mp, M)
Then we can show that (pp, thw) = Up,6(Mp, M) € P(S) defined in Theorem satisfies
(5.10) L (165 firo) = (110 o)
where E}¢ is the adjoint operator of ]EF@ on the space .M(XE) X M(Xl%). Indeed, by (@), for
every v € C(95),

(L o (1, tiro), ) = (T (mp, M), Ly (0)) = ((mp, M), Lpg(Ure0))
= (L (e, ), r ) = (e, 1), T g0) = ((p16, 1), )
Recall that we equip the spaces C (§ ) and C(XE) X C(Xg) with the uniform norm given by
19l eg) = 1(ve, vl = max{ vl xo)s 1wl oxg) §

for 0 = (vp, vw) € C(X7) x C(X2).
Lemma 5.7. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition that
f(C) € C and F € Sub(f,C) is strongly irreducible. Then the operator norm of L4 is ||LF:¢HC(§) =1.
In addition, ]Lp¢( ~) = 1g.
Proof. By Definition @ 3.26 0) in Theorem , and (@) in Definition @, we have

~ 1 .
Lre(lg) = mlp,a(uw) =1z,

i.e., for each 7 = (z,¢) € S,
> Y ep(6lex) - P(FG) +logus(ax) — loguc(a).
se{b,w} X1exL (F,C)

where we write zx1 = (F|x1) " (z) for X' € XL(F,C). Then for each = (2,¢) € S and each
U = (Vp, Up) € C(X[?) X C(Xg), we have

> Y vs(wxr)exp(d(xx1) — P(F,¢) +logus(zx1) — log uc(x))

se{b,w} Xlexl (F,C)

Lrs@)@)| =
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<ole| o D exp(dex) — P(F9) + logus(x) — log uc(w))
5e{b,m} Xlexgs(Fvc)
= Wll¢3)-
Thus, |[Lrg|log < 1 Since Lrg(15) = 1, we get [Lrgllog = 1 -

5.2. Uniform convergence. In this subsection, we prove the uniform convergence of functions
under the iterations of the normalized split Ruelle operators.

Let (X, d) be a metric space. A function n: [0,4+00) — [0, 400) is an abstract modulus of continuity
if it is continuous at 0, non-decreasing, and n(0) = 0. Given any constant 7 € [0, 400 and any
abstract modulus of continuity 7, we define the subclass C7 (X, d) of C(X) as

Cr(X.d) = {u € C(X) : Julloe <  and for @, y € 52, [u(z) — uly)| < n(d(z,y))}.

Assume now that (X, d) is compact. Then by the Arzela—Ascoli Theorem, each C7(X,d) is pre-
compact in C'(X) equipped with the uniform norm. It is easy to see that each Cy (X, d) is compact.
On the other hand, for v € C(X), we can define an abstract modulus of continuity by

(5.11) n(t) = sup{fo(z) —v(y)| - 2, y € X, d(z,y) <t}
for t € [0, 4+00), so that v € C (X, d), where ¢ = [|v]| .
The following lemma is easy to check (see also [Lil7, Lemma 5.24]).

Lemma 5.8. Let (X,d) be a metric space. For all constants T > 0, 11, 7o = 0 and abstract moduli
of continuity n1, N2, we have

{viva s v € CTH(X,d), va € CT2(X,d)} C Chimatrym (X, d),

{1/v:ve Chi(X,d), v(z) = 7 for each x € X} C C’Z:;m(X, d).

Proposition 5.9. Let f, C, F, d, A satisfy the Assumptions in Section . We assume in addition
that f(C) C C and F € Sub(f,C) is strongly irreducible. Then for each 5 € (0,1], each 7 > 0, and
each K > 0, there exist constants T > 0 and C' > 0 with the following property:

For each abstract modulus of continuity n, there exists an abstract modulus of continuity 1 such
that for each ¢ € C¥P(S?,d) with ||¢||co.sS? < K, we have
(5.12) {L}5(0) : 7 € Cf(Xg,d) x CF (Xg,d), n € No} € CF(X¢,d) x CF (X, d),
(5.13) {L},(@) : 0 € CF (XP,d) x CF (X0, d), n € No} € CF(XP,d) x CL(X3,d),
where 7(t) = CA’(tB + n(Cot)) is an abstract_modulus of continuity, and Co > 1 is the constant
depending only on f, C, and d from Lemma |3.9.
Proof. We write 5’; (5, d) = Cy (XE, d) x Cy (X‘%,d) for each 7 > 0 and each abstract modulus of
continuity 7 in this proof. For each v € 5;(5, d), write v = (Vp, Un)-

Fix arbitrary 8 € (OLl]’f > 0, and K > 0. By Lemma @ and () in Lemma , for all
n € No, 0 = (ve, vw) € C7 (S, d), and ¢ € C%(S?,d) with [|¢[|cosS? < K, we have

HL?}@@)HC@ S ”m’c@HLT}@(ILSV)HC@ S CWHC(SV)’
where C > 1 is the constant defined in () in Lemma and depends only on F', C, d, ¢, and .
By (), quantitatively,
C = (deg )" exp(2n (|| + C1(diamg(5%))%).

where ngp € N is the constant depending only on F' and C in Definition since F' is primitive,
and C7 > 0 is the constant defined in (@) in Lemma @ depends only on F, C, d, ¢, and (.
Quantitatively, we have

C1 = Colols/ (1 — A7F),
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where Cy > 1 is the constant depending only on f, C, and d in Lemma @ Let Cf :== CoK/(1—A=P)
and

C" = (deg f)"F exp(2nr K + C}(diamg(S?))?).
Then we have C; < €} and C < €’ for each ¢ € C%F(S2,d) with ||¢[|c0s52 < K. Note that both

C} and C’ only depend on F, C, d, K, and 8. Thus we can choose 7 := C'T.
For each ¢ € {b, 10} and each pair of z, y € X?, we have

e (Lips (v v) () = e (L5 (0, 0)) (0)]

= 128 o) @) +£50) (o) ()~ £ (w00) () £ <vm><y>\

N

S0 |EN (@) - L5 ()W)

se{b,w}

= D D (vexp(Sy9)) (F"[xn) " (@) = (vsexp(Sy @) (F"xn) "' () ‘

se{b,}' X"eX%(F,C)

N

S Y wl((F )M @) (STHET e @) ST ) ) ‘
se{b,w} X"eXL(F,C)

S 3 655¢>((F"X")_l(y))<vﬁ((F”\Xn)I(SU))—Us((Fn|X”)1(y)))"

se{b,w}' XneXl (F,C)

The second term above is
< On(CoA™"d(x,y)) < On(Cod(w,y)) < C'n(Cod(x, 1)),
(

due to (B.22) in Lemma 3.29 and the fact that d((F™|xn) " Hx), (F"|x») " (y)) < CoA™"d(z,y) by
Lemma B.3, where the constant Cy comes from.
To estimate the first term, we use the following general inequality for s,¢ € R,

| exp(s) — exp(t)] < (exp(s) + exp(t))(exp(|s —t]) —1).

Then it follows from Lemma @, Lemma , and () in Lemma that the first term is

< Z Z v |00 (6555((F”|xn)_1(2)) + 6555((F”|Xn)_1(y)))
se{b,w} XXl (F,C)

: (QIST‘W((F”Ixn)*l(m))—55$((F”\xn)*1(y))l _ 1)
3 T<es£$<(F"\xn>*1<x» i esm(mxn)*l(y))) (exp(Crd(, y)") — 1)

Xnexn(FC)
< QTé(exp(C’ld(azjy)ﬁ) —1)
< 2rC’ (exp(C{d(m,y)B) -1)
< 2rCid(z, y)?

N

for some constant C; > 0 that only depends on 1, C’, and diamg(S?). Here the justification of the
third inequality above is similar to that of () in Lemma . Recall that both C and C' only
depend on F, C, d, K, and (3, so does Cy.

Hence for each ¢ € {b, 10} and each pair of z, y € X0, we have

me (L 5 (Ve Vo)) (2) — e (L 5 (v, vm))(y)’ < C'n(Cod(x,y)) + 2rChd(x, y)”.

By choosing O = max{é’7 27'6’1}, which only depends on F, C, d, K, and 3, we complete the proof

of (5.19).
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We now prove ()

We fix an arbitrary ¢ € C%#(S?, d) with ||¢ c0.s5% < K. Recall that ﬂ%: (up, Upy) € C%) X
we

C(X,%) is a continuous function on S given by Theorem . Thus, by (
have

) in Theorem

WF,abHC(g) < 71,

where 7 == C' = (deg f)"F exp(2npK + Cf(diamg(S?))?). For each ¢ € {b,10} and each pair of
z,y € X0, it follows from Theorem and () in Lemma that

n—1

uele) — ue(w) = | im T Z(Lf%(]lg) (2,0) = L3, (15) (v, c>)1
<t 5 14 (15)60 ~1505)0-)

é(exp(Cld(x,y) ) — 1)

<
< 6'(exp(C{d($,y)’B) -1).

Thus, upe = (Up, Un) € 6’;} (5 ,d), where n; is an abstract modulus of continuity defined by
m(t) = C'(exp(Cit?) — 1),  for t € [0, +o0).
Note that it follows from Lemma @ that

{Vipg : 0= (v5,v0) € Cp(S,d), 6 € C¥P(S%,d), |¢ls < K} C Ot (S, d).

Then by (@ in Lemma @ - and Lemma @ we get that there exists a constant 7 > 0 and
an abstract modulus of continuity 7 such that for each ¢ € C%%(S?,d) with |¢|s < K,

{LE4(D) : 7 = (vp,v0) € C5(S,d), n € No} € CL(S,d).

On the other hand, by Lemma @, HETI;@@)HC@) < ||5HC(§) < 7 for each ¥ = (vp, Uy ) € 5;(57, d),
each n € Ny, and each ¢ € C%P(S2,d). Therefore, we establish () O

Lemma 5.10. Let f, C, F, d, A satisfy the Assumptions in Section . We assume in addition that
f(C) CC and F € Sub(f,C) is strongly primitive. Let n be an abstract modulus of continuity. Then
for each B € (0,1], each K € [0+ 00), and each 61 € (0,+00), there exist constants §3 € (0, +00) and
N € N with the following property:

For each v = (vp,vn) € Cﬁmﬁ,d) X C;‘OO(Xg,d), each ¢ € COP(S2,d), and each choice of
(mp, my) € P(S) from Theorem , if ||¢||Co,/35'2 < K, ||5HC(§) > 01, and fﬁﬂp7¢d(mb,mm) =0,
then

HL jHCS) ‘UHCS) 02.

Remark. Note that at this point, we have yet to prove that (mp, my) from Theorem is unique.

We will prove it in Proposition @ Recall that up s = (up, up) € C (5’ ) is defined in Theorem
that depends only on F', C, and ¢.

Proof. Fix arbitrary constants 5 € (0,1], K € [0,4+00), and §; € (0,400). Fix € > 0 sufficiently small
such that n(e) < d1/2. Then € depends only on 1 and ;. Fix an arbitrary choice of (mp, my) € P(5)

from Theorem B.25, an arbitrary ¢ € C%?(S% d), and an arbitrary v = (vp,vy) € C,Fee (XD,d) x
C;roo (X‘g,d) With H¢H00,§SQ < K, Hﬁ”c(g) 2 51, and fﬂﬁp@ d(mb,mm) = 0.
Let © be the subset of .S defined by

Q= Jx"wro),

neN
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where X"(F,C) = Ueet, m}{z’ (X™): X" e X"(F,C), X" C X?} and i is defined by ()
We first show that (mp, My (Q) = 1. Indeed, since (mp, my) is an eigenmeasure of L7, oo 1t follows
from [LSZ25, Proposition 6.15 (iv)] and induction on n that for each n € N,

12 (my, me) (| JE(F,€)) = (mo, ) (L E(F,€0)) = (mo, ma)(S) = 1,

where we use the fact that [J: XO(F,C) = S since F is irreducible so that F(dom(F)) = S2. Note that
by Proposition @ , {U .’f" F.C } is a decreasing sequence of sets. Thus,

(M, M) (Q) = lim (mb,mm)(U%”(F,C)) ~1.

n—-+o0o

Since (mp, My) € P(g) is supported on 2 and JUug d(me, my) = 0, there exist points y_, zy € Q
such that ¥(y-) < 0 and ¥(Z;) > 0. By Definition @, we have y_ = (y_,s) for some s € {b, 0}
and y_ € X0, and Z; = (2,t) for some t € {b,10} and 2, € X.

We fix an arbitrary point € S. Then there exist ¢ € {b, v} and = € X0 satisfying 7 = (z, ).

Since y_ = (y_,s) € ﬁ, it follows from the definition of ) that there exists a sequence of tiles
{X"},en satisfying X" € X"(F,C) and y_ € X"t C X" C X0 for each n € N. By [BM17,
Proposition 8.4 (ii)], there exists an integer ne € N depending only on F', C, d, n, and 1 such that
diamg(Y™) < ¢ for each ne-tile Y € X”E(f, ). Thus we have y_ € X" C By(y_,e) N XJ. By
Proposition , we have X0 := F<(X"e) ¢ {X[?, X0 } Since F' € Sub(f,C) is primitive, by Defini-
tion B.19, there exist np € N and Y™ € X"F(F,C) satisfying Y"F C X% and F"F(Y"F) = X?. Then
it follows from [BM17, Lemma 5.17 (i)] and ProposfclOlﬂ)@g that Y7 tmr = (F"%|xne )" H(Y™F) €
Xnetne(F C). Note that Y7etnr C X7 C X0 and Fretnr(ynetnr) = pne(ynr) = X0, Thus
ynetne ¢ XpetF(F,C). Set y = (F™ ™ |yncinyz) " (z). Then we have y € Ynetnr C X7r C
Ba(y—,e) N XY. Thus

vs(y) < vs(y—) + () = v(y-) +n(e) <nle) <01/2 < o]z — 01/2-

Denote N := n, + npg, which depends only on F, C, d, ﬁnd 01. Write zyn Z_QFN’XN)I(Z') for

cach ¢ € {b,w} and each XV € XXY(F,C). By Definition p.5, (@), and Lemma p.7, we have

LY ,(0)(@) = L3 o (ve) (@) + L) (v) (2)
= v(y) exp(SN&(y) + log us(y) — log uc(x))
+ > > ve(@xn) exp (SN (zyn) + log ug(zyn) — loguc())

te{bw} XNexN(FON{Y N}
< (19l gy — 01/2) exp (SR (y) + log us(y) —log uc(z))

+ I2lloe > > exp(Snd(zxn) + logug(zxn) — loguc(x))
ce{bw} XNexN(FON\{Y N}

< H'ﬁHc(g) Z Z exp(Sﬁa(xXN) + log ug(zx~) — log uc(x))
ce{bw} XNexN(FC)
— 2761 exp (SN (y) + log us(y) — log uc(x))
= ”5”0@) - 2_151 exp(Sﬁa(y) + log Us(y) — log Uc(fn))

Similarly, there exists z := (FN\ZN)fl(x) for some ZV € XN (F,C) such that z € ZV C By(z1, e)NX?
and

LY ,(0)(@) > Tl gz +2° 151 exp(Ské(2) + log ug(z) — loguc(x)).
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Recall that @iz s = (up, uw) € C(XJ) x C(XJ) is a continuous function on S given by Theorem .
Then by (@‘) in Theorem we have

Clg upg(w) < 5’, for each w € §,

where C' > 1 is the constant defined in () in Lemma and depends only on F', C, d, ¢, and f3.
Hence we get

“E%¢<5)“C(§) < WHC(§) - 2_1515_2 wlgéz eXP(Sﬁa(w))

(5.14) - o B
< ol — 27810~ exp(~N [3ll).

Now we bound ||¢]lec = [|¢ — P(F,¢)||oc. By the definition of Hélder norm in Section E and the
hypothesis, ||¢]lco < ||¢]/c0.65? < K. Recall the definition of topological pressure as given in (@)
and the Variational Principle (@) in Subsection @ Then by (@) in Theorem , (B-3), and
the fact that ||¢]lc < K, we get

—K < P(F,¢) < P(f, ) < hiop(f) + K.
Then |P(F, ¢)| < K + hiop(f) = K +log(deg f) (see [BM17, Corollary 17.2]). Hence

19lloe < l[@lloc + [P(F,8)] < 2K +log(deg f).
By () in Lemma B.15 and (@) in Lemma @, quantitatively, we have

C = (deg f)"" exp <2nFH¢!oo + Colkblf_ﬁ(diamd(Sz))ﬂ)
where Cy > 1 is the constant depending only on f, C, and d from Lemma @ Set

~ K
C' := (deg f)"F exp <2nFK + Ew(diamd(SQ))’B)

Then we have C < C' for each ¢ € C%5(52,d) with ||¢]|c0.s5% < K, and the constant C’ only
depends on F', C, d, K, and 8.
Therefore, by (), we get Hﬂ‘%qs@)HC(é‘) < H'ﬁ”c(g) — d2, where

5y == 2710, (5’) 72exp(—2NK — Nlog(deg f)),
which depends only on F, C, d, n, 8, K, and 4. O

Remark 5.11. In Lemma , one cannot reduce the assumption “F € Sub(f,C) is strongly prim-
itive” to “F € Sub(f,C) is strongly irreducible”. To see this, let F' be as in Example (ii), which is
strongly irreducible but not strongly primitive. In this case, Q = {p, ¢} for some points p € inte (Xg)
and q € inte(X‘%) that satisfy F(p) = ¢ and F(q) = p. Set ¢ =0 on S?, vy =1 on X[?, and v, = —1
on X?. Then upg = 1z and (mp, mw) = (6,/2,6,/2) € P(S) is an eigenmeasure of L%, such that
Jvug s d(my, my) = 0. However, Iﬁp@(ﬂ) = —v, which implies that Hf‘%ﬁ(ﬁ)”c@) = ||5HC(§) for each
n € N, contradicting the conclusion in Lemma p.10.

We now establish a generalization of [LZ24, Theorem 5.17].

Theorem 5.12. Let f, C, F, d, A satisfy the Assumptions in Section . We assume in addition that
f(C) CC and F € Sub(f,C) is strongly primitive. Let T € (0,400) be a constant and n: [0,+00) —
[0, +00) an abstract modulus of continuity. Let H be a bounded subset of C%P(S2,d) for some 8 €
(0,1]. Then for each v € CF(X{,d) x C’;(Xg,d), each ¢ € H, and each choice of (my, myw) € P(S)

n
from Theorem , we have
(5.15) ngl}rloo‘ LT}@@) —UFe /5d(mb,mm) =0
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If, in addition, [Vupgd(me, my) =0, then

(5.16) lim [|L74(@

o Hc(§) =0.

Moreover, the convergence in both (m) and (m) is uniform inv € C} (Xg, d) xCF (Xg, d), ¢p€H,

and the choice of (my, My).

Proof. We write C7(S,d) = CJ (X0, d) x C7(X3,d) in this proof.
Fix a constant K € [0,+00) such that ||@|c0sS% < K for each ¢ € H. Let Mg, be the set of
possible choices of (mp, my) € P(S) from Theorem B.25, i.e.,

(5.17) Mg = {(vp, ) € P(S) : L7 (6, o) = K(v, ) for some c € R}.
We recall that (ug, puw) € P(S) defined in Theorem by (ft, tio) = Up,6(Mp, My ) depends on

the choice of (mgp, My).
Define for each n € Ny,

an = sup{ [L3 4 (0) | ) 6 € H. T € Gj(.d), /ww A, ) = 0, (my, mig) € M }.

is non-increasing in n for fixed ¢ € H and v €

G = L so HE%@@)HCG)

5’;(5 ,d). Note that ap < 7 < +00. Thus {ay }nen, is a non-increasing sequence of non-negative real
numbers.

Suppose now that lim, . a, = a > 0. By Proposition @, there exists an abstract modulus of
continuity 7 such that

{Lh4(@) :n€No, ¢ € H, 5 € Cf(S,d)} € CH(XY,d) x CZ(X3,d).

Note that for each ¢ € H, each n € Ny, and each v € 6’;(5, d) with [0Up 4 d(me, my) = 0, it follows

from () that
/ £, ()ips d(mp, i) = / £, (3) Ao, ) = / 5 d(j1p, ) = 0.

Then by applying Lemma with 77, 8, K, and 61 = a/2, we find constants ng € N and dy > 0
such that

HL (LF¢ HC(S Hi%(@)Hc@ = 02,

for each n € Ny, each ¢ € H, each (my, my) € Mp4, and each v € 5’[](§, d) with [Tup s d(me, my) =
0 and HL%M%)HC(S”)
that a,,, < a + d2/2. Then for each ¢ € H, each (mp, mn) € Mpg, and each v € C7(S,d) with
Jvtup s d(me, my) =0 and HHN“?¢(5)HC(§) > a/2. we have

> a/2. Since limy, o0 a, = a, we can fix integer m > 1 sufficiently large such

L3, (@ < L7, (@)

)HC(§)\ — 02 < ay — 02 < a—0d2/2.

HC(§)

is non-increasing in n, we have that for each ¢ € H, each

< a/2, the

On the other hand, since }|£%,¢(5)Hc(§)
(mp, M) € Mpg, and each v € 5;(5 d) with [Vup s d(me, my) = 0 and H]Ij?(z)('ﬁ)
following holds:

HC(())

IS @@ < LR @ o) < o/2

Thus apg+m < max{a — 02/2, a/2} < a, contradicting the fact that {a,}nen, is a non-increasing
sequence and the assumption that lim,,_,;~ a, = a. This proves the uniform convergence in (p.16).
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Next, we prove the uniform convergence in () By Lemma @ and (@) in Lemma @, for
each v € C7(S,d), each ¢ € H, and each (mp, mn) € Mpy, we have

Ly 5(0) ~ g [Td(mg, )

c(S)
1
< urgllog || = Lis©) — /m(mb’m )
c(S) Upp Fi¢ v c(S)
(5.18) - 0l v
= llarollc@ | Lhe| =— ) = | =— d(u,
[ F,¢>HC(S) F,¢<UF7¢> /uF, (ko t) C(S)
N v v
= |lu = |[L% — =1z [ =—d ’
[ F,¢>HC(S) F,¢<UF7¢ S Upp (b Mm)) Cc(S)

By (B.26) in Theorem , we have

(5.19) 07" < lirglleqg < O,

here C 1 is the constant defined in () in Lemma and depends only on F', C, d, ¢, and .

( ) and @ ), quantitatively,
C = (deg f)"r 1918 (diam(52))°
= (deg f)"F exp| 2np||¢||s + Co = AP (diamg(S?))" ),

where Cp > 1 is the constant depending only on f, C. and d from Lemma @ and nr € N is the
constant depending only on F' and C from Definition 3.15 since F' is primitive. Set

C' = (deg f)"F exp(QnFK + 1 ?fﬁ(diamd(SQ))[a).

Then we have C < C' for each ¢ € C%5(52,d) with ||¢]|c0.s5% < K, and the constant C’ only
depends on F', C, d, K, and 3. Denote

v U -
- 1 d(pe, i) € C(S).
i S/um, (o5 ) € C(S)

S

Then ]WHC(g) < 2H'17/ﬁF7¢HC(§) < 27C'. Due to the first inequality in () and the fact that
Upg € Ccop (X[?,d) x C08 (X,%,d) by Theorem , we can apply Lemma @ and conclude that
there exists an abstract modulus of continuity 7 associated with v/ug 4 such that 7 is independent
of the choices of v € 6’;(5, d), ¢ € H, and (mp, mp) € Mpy. Thus w € C’;(X7 d), where T = 2rC'.
Note that [Wupgd(me, mw) = [ d(pe, i) = 0. Finally, we can apply the uniform convergence in
() with ¥ = w to conclude the uniform convergence in (5.15) by (%@) and (E) O

The following proposition is an immediate consequence of Theorem .

Proposition 5.13. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition

that f(C) C C and F € Sub(f,C) is strongly primitive. Let (g, i) € P(S) be a Borel probability
measure defined in Theorem . Then for each Borel probability measure (vp, V) € P(S), we have

(L},qﬁ)n(ybvym) w—> (/’Lba,um) as n — +0oo.

Proof. Recall that for each v € C (S’ ), there exists some abstract modulus of continuity n such that
RS C’;(S2,d), where 7 := HU”C . Recall from Theorem B.26 that (up, fiw) = Up,¢(Mp, My ). Then
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by Lemma @ and () in Theorem , for each v € C'(S) we have that

lim <(H~J}’¢)n(yb, V), 0)

n—-+o0o

= lim (<(Vb7Vm)aIEyIf“,¢(5_<(/ihuum) )>+<Vb,1/m LF¢(<(HbaMm)a5>ﬂ§)>)

n—-+0o

0+ (6, o), (116, o), D) 1 3)
= (11, firo ), V).

This completes the proof. O

5.3. Uniqueness. In this subsection, we finish the proof of Theorem @
Theorem implies, in particular, the uniqueness of (my, my) € 73(§ ) given by Theorem .
Proposition 5.14. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition

that f(C) C C and F € Sub(f,C) is strongly primitive. Then the measure mpg = (Mp, My) € P(S)

from Theorem is unique, i.e., (mp, My) 1S the unique Borel probability measure on S that
satisfies L*F¢(mb,mm) = K(mp, my) for some constant K € R. Moreover, the measure ppgy =

(Mo to) = Up,g(Mmp, My) from Theorem is the unique Borel probability measure on S that
satisfies L;‘@(Mbvﬂm) = (ks Hiro)-

Note that by Theorem , L is an equilibrium state for Fp and ¢|q.

Proof. Let (mp, my), (my,my,) € (S) be two measures, both of which arise from Theorem
Note that for each v = (vp,vy) € C(S) there exists some abstract modulus_of continuity 7 such
that v = (vp, vp) € Cg(XE,d) X Cg( o,d), where T = Hv||C &) Then by () in Theorem

and () in Theorem [.26, we see that Jod(me, mw) = [Td(my, mi,) for each ¥ € C(S). Thus
(mp, M) = (my, my, ). B N
Recall from (5.10) that T, (16, mw) = (). Suppose (v, 4s) € P(S) is another measure

with f[:}(b Vo, Vw) = (Vb, ). It suffices to show that (vp, ) = (s, ). Note that by (B.27) in
Theorem , there exists a constant C' > 0 such that up4(z) > C for each . Then by (b.7) in

Definition p.5, for each o € C(S), we have

(Lo 0 0). 7) = {0 0), Lirg (@) = (00, 40) T;)LF,¢(5F,¢5)>

V6, o) ~ > <~ ] ((Vb,l/m)) ~>
= — Loz (upgev) ) = (upglll.— | — ,U ).
< Urg F,¢( F@A) Fops U

This implies ﬂR(b]L*F’a((”i””‘“)) = ]Ij*Fqb(V[,,ym) = (Vp, V), 1.€., L*P‘,?a((”i””‘“)) — W) Depote N =

UF, ¢ UF ¢ UF, ¢
<7(Vah;;’)7 1 §> > (0. Then by () we have L%, ¢(7(V"’”‘;)) = P(F9) 7(1%’;’:). Noting that 7(157’;‘:) is also
a Borel probability measure on S , by the uniqueness of (myp, my) we have (';%7”“’) = (myp, My ). Hence

(U, Vo) = ANUE, (Mg, M) = A6, firo). Since (v, Vi), (Ho, po) € 77(5’) we get A =1 and (vp, V) =
(16, o). Thus (pp, ) is the unique Borel probability measure on S that satisfies L I d)(m,, o) =
(Mba Nm) |:|

We follow the conventions discussed in Remarks and .

Lemma 5.15. Let f, C, F, d satisfy the Assumptions in Section I We assume in addition that
f(C) CC and F € Sub(f,C) is strongly primitive. Let T > 0 be a constant and n an abstract modulus
of continuity. Let H be a bounded subset of C%P(S?, d) for some B € (0,1]. Fix arbitrary sequence
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{2p}nen of points in S% and sequence {¢,}nen of colors in {b, 1} that satisfies x, € Xcon for each
n € N. Then for each v € Cg(S{d) and each ¢ € H, we have

Lo (SEu(axn)) exp(SE@(xxn))

(5.20) T Xnexn (F.C) / q
. m = VAUE, ¢,
n—-+oo > exp (S,Ijgb(ﬂixn)) 52 ¢
Xnexy, (F.C)

where we_denote xxn = (F"|xn) " (2y) for each X™ € X (F,C), and ppg € P(S?) is defined in
Theorem m Moreover, the convergence is uniform in v € CT(52 d) and ¢ € H.

Proof. By Lemma m and Definition , for each n € N, each v € C;(SQ, d), and each ¢ € H,

LS (ST e(sfolex) AT X u(fiex) exp(SEo(axn)

XneXxy (F.C) . exy, (F,C)
>, exp(SEo(zxn)) (L g (15)) (@, )
Xnexn (F.C)

T ngl (L3 (0 0 1)) (s cn)
N (H"F¢>(1 ))(xnv tn) 7

where, by abuse of notation, for each u € C(S?) we denote by % the continuous function on S given
by u(z) == u(z) for each Z = (z,¢) € S. Note that by Lemma and Definition , for each
J € No,

~——

L (50 7) = 714 (19).

Hence,
FE (Lo ) ) 3S (L (L (15))) )
L (1) @men)  — (Lhe(13)) @nen)
E T (L7 (015 (15) ()

L) eme)

By Proposition @, {L}?@(lg): n € No} C Cg(Xg,d) X C’ﬁ?(Xl%,d), for some constant 7 > 0 and
some abstract modulus of continuity 7), which are independent of the choice of ¢ € H. Thus by
Lemma

(5.21) {7L7,5(1g): n € No, v € C7(S%,d)} € 7 (X, d) x C7 (X, d),

for some constant 7 > 0 and some abstract modulus of continuity 7;, which are independent of the
choice of ¢ € H
By Theorem and Proposmon , we have

(5.22) H]L ( ) =trsllo@ — 0,

as k — +oo, uniformly in ¢ € H. MOI’?OVGI’, by (), the independence of 71 and n; on ¢ € H in
(), Theorem p.12, and Proposition p.14, we have

Lk¢<v]L,J (1 S))aw/m;qs(ﬂg) d(mg, my)

as k — 400, uniformly in j € Ng, ¢ € H, and v € CZ,(SQ,d).

(5.23) ‘ — 0,

c(9)



THERMODYNAMIC FORMALISM FOR SUBSYSTEMS OF EXPANDING THURSTON MAPS II 31

Fix a constant K > 0 such that for each ¢ € H, ||¢[|c0.55% < K. By () in Theorem , we

have

(5.24) C < arglleg < C
where C > 1 is the constant defined in () in Lemma and depends only on F', C, d, ¢, and .
By () and (@), quantitatively,

6’ = (deg f)"F exp (27”LF||¢|OO + Col‘_(ékg_ﬁ(diamd(;s?))5>,

where Cy > 1 is the constant depending only on f, C, and d from Lemma @ and np € N is the
constant depending only on F' and C from Definition ‘3.15 since F' is primitive. Define

~ K
C = (deg f)"F exp <2nFK + 1?OA5((ﬁamd(s2))ﬁ>~

Then we have C < C’ for each ¢ € C%3(S2 d) with ||¢||c0s52 < K, and the constant C’ only
depends on F, C, d K, and §.

Thus by (@), we get that for j € Ny, v € CT(S2,d), and ¢ € H,
~ ~1 ] B ~/
UF.¢ /ULF@(HS) d(mb,mm) C(S) HUF¢HC HU]L 15)”0@ < Tlc .

By () in Proposition @ and (), we get some constant 72 > 0 such that for each j, k € Ny,
each v € C;(S2,d), and each ¢ € H,

k j _
(5.26) HL 5(7175(15)) HC(S) <
Hence, we can conclude from (), () and () that

(5.25)

nll)r}rnoon ZLn J(MLJ ) Zup¢/vLF¢( 5) d(mp, M) 0(5)207
uniformly in v € C’T(S2 d) and ¢ € H. Thus by (H) and (H), we have
n—1 .
z LI (L (1) L /m;’(b(ng) d(me, M)
lim n — =0 — — 07
n—-+0o LF’g(ﬂg) UF,¢

c(8)

uniformly in v € C;(SQ,d) and ¢ € H. Combining the above with (|521|), (ISQﬂ), (|524l), and the
calculation at the beginning of the proof, we can conclude, therefore, that the left-hand side of (p.20)
is equal to

lim E /UILJ d(mp, myp) = lim g /qu¢ (mp, My)
n—)—i—oon n—)—i-oon

= /5d(ub,um) = /v dpp,g,

where pp, € P(S?) is defined in Theorem , and the convergence is uniform in v € Cj (82, d) and
pcH. O

Theorem 5.16. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let ¢, v € C%P(S?,d) be real-valued Holder
continuous function with an exponent 5 € (0,1]. Then for each t € R, we have

d
aP(F7¢+ ty) = /’Y dprgriys
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where fip g1t € P(S?) is defined in Theorem .

Proof. We will use the well-known fact from real analysis that if a sequence {g, }nen of real-valued
differentiable functions defined on a finite interval in R converges pointwise to some function ¢ and
the sequence of the corresponding derivatives {%n converges uniformly to some function h, then

N . d
g is differentiable and d—st’ = h.

By () in Theorem B.26 and () in Lemma , for each ¢ € {b,t}, each € X0, and each
Y € C%P(S? d), we have

(5.27) P(F,¢)) = lim llog(L%’w(]lg)(Lc)): lim l1og > exp(Sf(axn)),

n——+oo N n—+0o N
XneXn(F,C)

neN

where 2 xn = (F"|xn)"!(z) for each X" € X7(F,C).
Fix arbitrary ¢ € {b,w}, z € X2, and ¢ € (0, +00). For each n € N and each t € R, define

1
P = — i n
w(t)i=—log Y exp(Sy (o +17)(axn)),
XnEXT(F,C)

where xxn = (F"|xn)"!(x) for each X" € X*(F,C). Note that there exists a bounded subset H of
C98(82,d) such that ¢ + ty € H for each t € (—£,¢). Then by Lemma ,

52 (Spa(axe)) exp(S (6 + t)(wxn))

XneXT(F,C)

> exp(SE(¢+ty)(zxn))
XneXr(FC)

dP,

?(t) =

converges to [y dpp gty asn — +oo, uniformly in ¢t € (—£, ).
On the other hand, by (@), for each t € (—¢, (), we have

lim Po(t) = P(F, ¢+ t7).

n——+o0o
Hence P(F, ¢ + t) is differentiable with respect to t on (—¢,¥), and
d . dP,
P Ee+ty) = lim —-=(t) = /'YdHF,¢+t7'
Since ¢ € (0,400) is arbitrary, this completes the proof. O

The following lemma follows immediately from the fact that, in a compact metric space, the set
of Lipschitz functions is dense in the space of continuous functions with respect to the uniform norm
(see for example, [Hei0l|, Theorem 6.8]).

Lemma 5.17. Let (X, d) be a compact metric space. Then for each B € (0,1], CO8(X,d) is a dense
subset of C(X) with respect to the uniform norm.

Now we prove the uniqueness of the equilibrium states for subsystems.

Proof of Theorem . The existence part follows from Theorem .

We now prove the uniqueness.

Denote 2 := Q(F,C) and F, == F|q. Recall that for each ¢ € C(S?), P(Fq,¢l|q) is the topological
pressure of F: 0 —  with respect to the potential ¢l|q.

Since ¢ € C%8(S52,d) for some B € (0, 1], it follows from () in Theorem and Theorem

that the function
t = P(Fo, (¢ +t7)a)
is differentiable at 0 for each v € C%%(S? d). Write
W= {1l € C¥P(Q,d) : ¢ € COP(S?,d)}.

By Lemma , W is a dense subset of C(€) with respect to the uniform norm. In particular,
W is a dense subset of C'(£2) in the weak topology. We note that the topological pressure function
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P(Fq,-): C(2) — R is convex and continuous (see for example, [Wal82, Theorem 9.7]). Thus by
Theorem with V. =C(Q), 2 =¢, U =W, and Q = P(Fq,-), we get card(C’(Q):;,P(Fm)) =

@911 the other hand, if u € M(, F) is an equilibrium state for F and ¢|q, then by (@) and
(B.4),

hu(Fa) + /¢du = P(Faq, ¢la),
and for each v € C(9),
hu(Fa) + [(6+2)d < P(Fa (64 )la).

Thus [ydu < P(Fq, (¢ + 7)|a) — P(Fa, ¢|la). Then by ( @ he continuous functional v — [ dpu
on C(Q)isin C (Q)Z P(Fq,)- Since fif,p defined in Theorem B.26 is an equilibrium state for Fo and

¢|q, and card(C(Q);P(Fm)) = 1, we get that each equilibrlum state w for Fo and ¢|g must satisfy

Jydp = [ydppe for v € C(Q), ie._p = ppp.
Finally, it follows from Theorem that the map Fgq is forward quasi-invariant with respect to
P, - [

Remark. Let f,C, F, d, ¢ satisfy the Assumptions in Section @ We assume in addition that f(C) C C
and F' € Sub(f,C) is strongly primitive. Since the entropy map p — h,(Fq) for Fo: Q — Q
is affine (see for example, [Wal82, Theorem 8.1]), i.e., if u, v € M(€Q, FQ) and p € [0,1], then
hppr(—pyw (Fa) = phyu(Fa) + (1 = p)h, (Fo), so is the pressure map p — P,(Fa, ¢|q) for Fo and ¢|q.
Thus, the uniqueness of the equilibrium state up 4 and the Variational Principle (@) imply that
IiF, is an extreme point of the convex set M (€2, Fp). This implies that pr 4 is ergodic since extreme
points of M(2, Fq) are ergodic (see for example, [KH95, Lemma 4.1.10]). However, we are going to
prove a much stronger ergodic property of pp 4 in Section

Theorem @ implies, in particular, that there exists a unique equilibrium state ;14 for each ex-
panding Thurston map f: S? — S? together with a real-valued Holder continuous potential ¢.

Corollary 5.18. Let f, d, ¢ satisfy the Assumptions in Section . Then there exists a unique
equilibrium state py for the map f and the potential ¢.

Proof. By Lemma @ we can find a sufficiently high iterate F' := f" of f for some n € N that has an
F-invariant Jordan curve C C S? with post F' = post f C C._Then F is also an expanding Thurston
map. In particular, by [Lil8, Lemma 5.10] and Definition , F' is a strongly primitive subsystem
of F with respect to C and Q(F,C) = S2.

Denote ® = S,{(Z). By Theorem there exists a unique equilibrium state prpe € M(S?, F) for
the map F' and the potential ®. Note that pupe is F-invariant. Set

n—1
1 .
== Fiure € M(S f).
=0

Then we get nhy(f) = hupq(F) (see for example, [LS24, Lemma 5.2]) and

n—1
Jodu= /Zﬁbdf*mrq» - l/iz;cﬁOfiduF@ — = [@dure.
Noting that P(F,®) = nP(f,¢) (recall (@)), we obtain

i =~ (hppo (F) + [®dura ) = ~P(F,®) = P(f,0).
e+ fodn= (e foaura) =

Thus p is an equilibrium state for the map f and the potential ¢.

Now we prove the uniqueness. Suppose v is an equilibrium state for the map f and the potential
¢. By similar arguments as above, one sees that v is an equilibrium state for the map F' and the
potential ®. Then it follows from the uniqueness part of Theorem @ that v = ure. O
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6. ERGODIC PROPERTIES

In_this section, we show in Theorem @ that if f, C, F, d, and ¢ satisfied the Assumptions in Sec-
tion @, f(C) CC,and F € Sub(f,C) is strongly primitive, then the measure-preserving transformation
Flq of the probability space (€2, ur 4) is exact (see Definition @) and as an immediate consequence,
mixing (see_Corollary @) Another consequence of Theorem is that pupe is non-atomic (see
Corollary £.4).

For each Borel measure p on a compact metric space (X, d), we denote by i the completion of u,
i.e., @ is the unique measure defined on the smallest o-algebra B containing all Borel sets and all
subsets of p-null sets, satisfying u(E) = u(E) for each Borel set £ C X.

Definition 6.1. Let T: X — X be a measure-preserving transformation of a probability space
(X, ). Then T is called ezact if for every measurable set E with p(F) > 0 and measurable images
T(E), T*(E), ..., the following holds:
. n _
Jm  p(T(E)) = 1.

Remark 6.2. Note that in Definition @, we do not require u to be a Borel measure. In the case
when F' € Sub(f,C) is a subsystem of some expanding Thurston map f with respect to some Jordan
curve C C S? containing post f and p is a Borel measure on 2 := Q(F,C), the set (F|q)"(E) is a
Borel set for each n € N and each Borel subset £ C Q. Indeed, a Borel set E C € can be covered
by n-tiles in the cell decompositions of S? induced by f and C. For each n-tile X € X"(f,C), the
restriction f"|x of f™ to X is a homeomorphism from the closed set X onto f™(X) by [BM17,
Proposition 5.16 (i)]. Thus the set f™(F) is Borel. Recall from Subsection @ that Flg = f|q and
F(©2) C Q. It is then clear that the set (F|q)"(FE) is also Borel.

We now prove that the measure-preserving transformation Fn = F|o of the probability space
(2, nr ) is exact. We follow the conventions discussed in Remarks |31§ and B.19.

Theorem 6.3. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Denote Fq = F|gr,. Let upg be the
unique equilibrium state for Fo and ¢lo, and fip, its completion. Then the measure-preserving
transformation Fq of the probability space (2, pur,y) (resp. (S, fip4)) is ezact.

Proof. Recall from Theorems and that ppa = (po, w) = Upe(Me, My), where mpy =
(mp, mp) is an eigenmeasure of L7, & from Theorem and upg is an eigenfunction of Lr 4 from

Theorem . Then by () in Theorem , it suffices to prove that
. n _
im (2 F§(4) =0

for each Borel set A C Q with mp4(A) > 0. We follow the conventions discussed in Remark @ SO
that mp 4 € P(Q) C P(S?).

Let A C Q be an arbitrary Borel subset of 2 with mp4(A) > 0. Fix an arbitrary ¢ > 0. By the
regularity of mp 4 there exists a compact set K C A and an open set U C S? with K C A C U and
mpg(U \ K) < €. Since the diameters of tiles approach 0 uniformly as their levels become larger,
there exists N € N such that for each integer n > N, every n-tile that meets K is contained in the
open neighborhood U of K. For each n € N, we define

T" = {X" € ¥"(F,C): X"NK #0} and T":=[]JT"

Then for each integer n. > N, we have K CT" C U and mps(T" \ A) < mp (U \ K) < e. Thus, it
follows from Theorem @ that > ynepn mrg(X™\ K) < e. This implies
2xnemn Mrg(X™\ K) < £

2o xnern MEg(X") mpg(K)

(6.1)
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Hence for each integer n > N, there exists an n-tile Y™ € T™ such that
mpg(Y"\ K) £
mpe(Y")  mpe(K)

By Proposition , the map F™ is injective on Y™. Then it follows from Theorem ,
(B-1)

Lemma B.4, and that
mpg(FM(Y") \ F*(K)) _ mpg(F"(Y"\ K)) _ Jymx XP(=Snd) dmry
mpe(F"(Y™)) T ompg(Fr(Y™)  [paexp(=Spg) dmpg

mp7¢(Y"\K) < Ce
mF,(b(Yn) h mF7¢(K)’
where C' = exp(Cy(diamg(5?))?) and C1 > 0 is the constant defined in (@) in Lemma @ which

depends only on f, C, d, ¢, and 8. Let ng € N be the constant from Definition ‘, which depends
only on f and C. Note that it follows from Proposition @ (i) that F*(Y™) = X0 for some ¢ € {b,w}.

<C

Since F is strongly primitive, by Lemma , there exist X" € XpF(F,C) and X, € Xt (F,C)
such that X" U X7 C X = F™(Y™). We claim that
(6.2) Q=F""r(Yy"nQ).

Indeed, since F(2) C Q (recall Proposition @ ), it suffices to show that Q C F™"™"F (Y™ N Q).
For each x € Q, by ), there exists a sequence of tiles {Xk}keN such that {z} = (peny X*

and X* € X¥(F,C) for each k € N. By Proposition @, we may assume without loss of gen-
erality that X% C Xg for each k € N. Since F is strongly primitive, by Lemma , there exists
X{E € Xyt (F,C) such that X{' ™" C Y™ and F™F (X" )= XP. Then it follows from Propo-

sition @ and [BM17, Lemma 5.17 (i)] that Y*+n+nr — (F"+”F|X:+np)_1 (X*) € xktrinr(F,C)
for each k € N. Set y :== (F""r| n+nF)_1(:1;). Note that y € YEtn+mr C Y™ for each k € N. Thus

by (%&nd Proposition @ (iii)), ‘we conclude that yeY"NQ and (@) holds.
v (

B ), we get
Q\ B (K) = FP0e (Y™ A1)\ F™e (K) © F™ (F7(Y" 1)\ F*(K))
C F((F"(Y")NQ)\ F'(K)) = F* ((F"(Y") \ F"(K)) N Q).
Hence, by Theorem and , for each integer n > N,

mpg(Q\ Fy ' (K)) <mpg(F™((F*(Y™)\ F'(K)) NQ))
/ exp(npP(F,¢) — Spp¢)dmpg
(YN (K)

< exp(npP(F, ¢) + np|dllo)Ce/mpy(K).
Since € > 0 was arbitrary, we get lim,_, o mp4 (Q \ Fg+"F (K )) = 0. This implies
lim g (F3(A) > lim_mpg(FS(K)) = 1.

n—-+o00

N

Hence the measure-preserving transformation Fq of the probability space (€2, upg) is exact.

Next, we observe that since Fy is ppg-measurable, and is a measure-preserving transformation of
the probability space (£, tir,¢), it is clear that Fg is also fif ,-measurable, and is a measure-preserving
transformation of the probability space (€, 7ig4)-

To prove that the measure-preserving transformation 2 of the probability space (£, 7ip,) is exact,
we consider a iy ,-measurable set B C ) with fip ,(B) > 0. Since fip, € P(€2) is the completion
of the Borel probability measure pp 4 € P(£2), we can choose Borel subsets A and C of  such that
ACBCCCQand fipy(B) = fipe(A) = lpe(C) = prg(A) = pre(C). For each n_€ N, we
have F5(A) C F5(B) C F3(C), and both F((A) and FG(C) are Borel sets by Remark @ Since
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Fq is forward quasi-invariant with respect to g by Theorem @, it follows that ppg(F5(A)) =
ro(F3(C)). Thus,
1rg(FG(A)) = Iipg(FG(A)) = Bpg(FQ(B)) = Tipg (FG (C)) = wre(Fa(C)).
Therefore, limy, s oo fip, o (FG(B)) = limy, 100 i g (Fy(A)) = 1. O
Corollary 6.4. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition that
f(C) CC and F € Sub(f,C) is stronglﬁrimitive. Let pr.g be the unique equilibrium state for Fo and
5.1

dla, and mp g be as in Proposition |5. Then both prg and mrg, as well as their corresponding
completions, are non-atomic.

Recall that a measure p on a topological space X is called non-atomic if u({z}) = 0 for each
reX.

Proof. Recall from Theorems and that pupe = (1o, w) = Upe(Me, My), where mpy =
(mp, my ) is an eigenmeasure of L%, and uF, is an eigenfunction of Ly 4. Then by () in Theo-

rem , it suffices to prove that pp 4 is non-atomic.
Suppose that there exists a point x € Q with ppg({x}) > 0, then for each y € €2, we have

pre({y}) < max{prg({z}),1 - pro({z})}-
Since the transformation Fgq @Q,MF@) is exact by Theorem @, it follows that upg({z}) = 1
and Fo(z) = z. By Lemma , there exist n € N and X™ € X"(F,C) such that x ¢ X". This
implies p1p4(X™) = 0, which contradicts the fact that g4 is a Gibbs measure for F, C, and ¢ (see
Theorem and Definition B.24).
The fact that the completions are non-atomic now follows immediately. O

Remark 6.5. Let f, C, F, d, ¢ satisfy the Assumptions in Section @ We assume in addition that
f(C) CCand F € Subiélc is strongly primitive. Let pr4 be the unique equilibrium state for Fg
and ¢|q from Theorem and fif 4 its completion. Then by Theorem 2.7 in [Roh49], the complete
separable metric space (€2, d) equipped the complete non-atomic measure fipg is a Lebesgue space
in the sense of V. Rokhhn We omit V. Rokhlin’s definition of a Lebesgue space here and refer the
reader to [Roh49, Section 2], since the only results we will use about Lebesgue spaces are V. Rokhlin’s
definition of exactness of a measure-preserving transformation on a Lebesgue space and its implication
to the mixing properties. More precisely, in [Roh61], V. Rokhlin gave a definition of exactness for
a measure-preserving transformation on a Lebesgue space equipped with a complete non-atomic
measure, and showed [Roh61, Section 2.2] that in such a context, it is equivalent to our definition of
exactness in Definition 6.1. Moreover, he proved [Roh61, Section 2.6] that if a measure-preserving
transformation on a Lebesgue space equipped with a complete non-atomic measure is exact, then it
is mizing (he actually proved that it is mizing of all degrees, which we will not discuss here).

It is well-known and easy to see that if g is mixing (recall (@)), then it is ergodic (see for example,
[Wal82, Theorem 1.17]).

Corollary 6.6. Let f, C, F, d, ¢ satisfy the Assumptions in Section . We assume in addition that
f(C) € C and F € Sub(f,C) is strongly primitive. Let ppy be the unique equilibrium state for Fo
and ¢lq, and Hpg tts completion. Then the measure-preserving transformation Fq of the probability
space (2, urg) (resp. (2, 1ip4)) is mizing and ergodic.

Proof. By Remark @, the measure-preserving transformation Fo of (€2,7ip,) is mixing and thus
ergodic. Since any pr 4-measurable sets A, B C S? are also fip y-measurable, the measure-preserving
transformation Fo of (€2, upe) is also mixing and ergodic. O

Definition 6.7. Let T: X — X be a continuous map on a topological space X. Wesay T: X — X
is topologically transitive if for any non-empty open subsets U, V' of X, there exists n € Ny such that
T U)NV £ 0. Wesay T: X — X is topologically mizing if for any non-empty open subsets U, V
of X, there exists N € Ny such that 7"(U) NV # () for any integer n > N.
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The following proposition is not used in this paper but should be of independent interest.

Proposition 6.8. Let f, C, I satisfy the Assumptions in Section . We assume in addition that
f(C) CC. Then the following statements hold:

(i) If F is irreducible, then F|q: Q — Q is topological transitive and has a dense forward orbit.
(ii) If F' is primitive, then F|q: Q — Q is topological mizing.

Proof. Assume that F' is irreducible. Note that F'(2) = Q by Proposition @ .

We first show that Fl|o: Q — Q is topological transitive. Consider arbitrary non-empty open
subsets U N Q and V N Q of Q. where U and V are open subsets of S2. Since U NQ # () and U is
open, by () and Definition B.2, there exist N € N and XV € XV (F,C) such that XV C U.

Fix arbitrary y € V N Q. Then by (), there exists a sequence {Yk} ey ©Of tiles such that
{y} = Nien Y"* and Y* € X*(F,C) for each k € N. By Proposition @, we may assume without loss
of generality that Y* C X{? for each k € N. Since F' is irreducible, by Lemma @, there exist ng € N
and X' € XN (F,C) such that XY 7" C XN. Then it follows from [BM17, Lemma 5.17 (i)]

and Proposition @ that Xk+N+no .— (FNJF”O]XNMO)A(Y’“) c xF+N+no(F C) for each k € N.
b
Set x = (FN+”0|XN+nO)71(y). Note that for each k& € N we have z € X*N+no C XN gince

y € Y*. Thus by (@) and Proposition @ , we conclude that z € XY N Q. This implies
y = FNtno(g) € FNTno (XN 0 Q) € FNTm0(U N Q). Since y € V N Q, it follows immediately from
Definition @ that Flg: Q — Q is topologically transitive.

We now_prove that there exists z € Q such that {F"(x)},en is dense in . By () and
Definition B.2, it suffices to show that there exists x € 2 such that for each Y € |J,, oy X" (F,C), there
exists k € N satisfying F*(z) € Y.

Since for each n € N the set X"(F,C) is finite, we can write the countable set |, X" (F,C) as
{Y.}nen. By Proposition for each n € N there exists ¢, € {b,w} such that Y, C Xcon. Since F'
is irreducible, by Lemma , there exist n; € N and X' € X{''(F,C) such that X' C Zp := Y7.
Then it follows from [BM17, Lemma 5.17 (i)] and Proposition @ that Z; == (F"l\chf)_l (1) €

X*1(F,C) for some ki € N. Note that k; > n; and Z; C X. Similarly, by Lemma , there
exist ng € N and X2 € X{?(F,C) such that X> C Z; and ny > k;. In particular, we have

Fri(X12) C F™(Zy) = Yi. It follows from [BM17, Lemma 5.17 (i)] and Proposition @ that
Ty = (F”2|an)71 (YQ) € X*2(F,C) for some ky € N. Note that ky > ng and Zy C X{2. Then we can
(>

inductively construct a strictly increasing sequence {n;};en of integers and a sequence {ng }j N

of tiles such that X:.j € %?jj (F,C), ngfll - chjj, and F™ (ngll) C Yj for each j € N. Since
lim; oo nj = 400, it follows from Definition i that the set [ jeN ch].j is a singleton set. We write
{z} = Njen X;njj . Then by () and Proposition @ , we have x € (2. This finishes the proof
since F™i(z) € F"i (X ?1') C Y; for each j € N.

Let F' be primitive and ng be the constant from Definition , which depends only on F'
and C. Note that F(Q2) = © by Proposition . Consider arbitrary non-empty open subsets
UNQ and VNQof Q. where U and V are open subsets of S2. Since U N Q # () and U is open, by
(E) and Definition 8.9, there exist N € N and X~ € X™(F,C) such that X" C U. We claim that
Q C PN (XN N Q).

Indeed, for each y € €2, by (), there exists a sequence {Yk } ey Of tiles such that {y} =
Nien Y* and Y* € X¥(F,C) for each k € N. By Proposition B.6, we may assume without loss
of generality that Y* C XE? for each £ € N. Since F' is primitive, by Lemma , there exists
xNtrr g xR C) such that X" € XN, Then it follows from [BM17, Lemma 5.17 (i)]

and Proposition @ that XF+N+nr .— (FNJF"F]XNHLF)*I(Y’“) € xXk+N+nre(F C) for each k € N.
b

Set x = (FNJF”F]XNMF)*I(y). Note that for each k& € N we have z € XktN+nr C XV gince
b




38 ZHIQIANG LI AND XTANGHUI SHI

y € Y*. Thus by () and Proposition @ , we conclude that z € X~ N Q. This implies
Q C FNtnr (XN N Q) since y € Q is arbitrary and y = FN T (z).
Hence, for each integer n > N + ng, we have
(Flo)"(UNQ)=F"(UNQ) 2 FY(XYNQ) 2 F N7 (Q) =02 VNQ#0.
This implies that F|o: Q — € is topologically mixing by Definition @ O

7. EQUIDISTRIBUTION

In this section, we establish equidistribution results for preimages for subsystems of expanding
Thurston maps.

Theorem 7.1. Let f, C, F, d, and ¢ satisfy the Assumptions in Section . We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let pp 4 be the unique equilibrium state for
Flq and ¢|q, and let mp 4 be as in Proposition . Fiz arbitrary sequence {xp }nen of points in S?
and sequence {¢, }nen of colors in {b,w} that satisfies z,, € Xcon for eachn € N. For eachn € N, we
define the Borel probability measures

1
Vp = Z degcn (Fna y) €xp (S,Ij(b(y))(Sy,

yeF—"(zy)
1 1 n—1
Up = m Z deg,, (F",y) exp (S,fgzﬁ(y)) n Z 5Fi(y),
" yeF—"(xy) 1=0
where Zy($) = 3 cp-n(s,) degc, (F",y) exp(SE¢(y)). Then we have
(7.1) Vp, w7, mre — asn — +0o,
(7.2) Dn S5 g asm— foo.

We follow the conventions discussed in Remarks and in this subsection. Recall that S is
the split sphere defined in Definition .

Proof. Fix an arbitrary u € C(S?). We denote by @ the continuous function on S defined by
(%) == u(z) for each Z = (z,¢) € S.

We_prove ( by showing that lim,_, o (vn,u) = (Mmpg,u). Indeed, by Lemma , Defini-
tion E%, and (B.15), we have

]LTJ}“,qs(ﬂ) (xna cn) B ]L;;’E(ﬂ) (xny Cn)

<Vmu> = L%7¢(ﬂ§) (T, ) N Lz,a(]lg) (7, cn)'

Note that by () in Theorem ,

ILs(15) = Trlo — 0 and |

— 0

L%g(’lj) — EF#, /ﬂd(mb,mm)

c(9)

as n — 400, where Up 4 € C(S) is an eigenfunction of Lz ¢ from Theorem B.26, and (1mp, mm) € P(S)
is an eigenmeasure of L} ; from Theorem 3.25. Then it follows from (B.27) in Theorem that

L’}’(b(ﬁ)(fﬁmc")) _ /gd(mb,mm) = /“de’d)'

n=too T (1) (s o

Hence, (El)éolds.

Finally, ([7.2) follows directly from Lemma . O

8. LARGE DEVIATION PRINCIPLES FOR SUBSYSTEMS

In this section, we prove prove Theorem @ and its corollaries, Corollaries @ and @
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8.1. Level-2 large deviation principles. We first review some basic concepts and results from
large deviation theory. We refer the reader to [DZ09, Ell12, RAS15] for more details.

Let {&,}nen be a sequence of Borel probability measures on a Hausdorff topological space X'. We
say that {&,}nen satisfies a large deviation principle in X if there exists a lower semi-continuous
function I: X — [0, +o0] such that

1
(8.1) liminf —log&,(G) > —inf I for all open G C X,
n—+oo N, g
and
1
(8.2) limsup — log &,(K) < —inf I for all closed £ C X,
n—+oo N K
where log0 = —oo and inf () = +o0o by convention. Such a function I is called a rate function, and

we say that I is a good rate function if the set {z € X : I(x) < a} is compact for every a € [0, 400).
If X is regular, then the rate function [ is unique.

The following contraction principle shows that the large deviation principle transfers nicely through
continuous functions.

Theorem 8.1 (Contraction principle [DZ09, Theorem 4.2.1]). Let X and Y be Hausdor(f topological
spaces, and let g: X — Y be a continuous map. Consider a sequence {&,tnen of Borel probability
measures on X that satisfies a large deviation principle in X with a good rate function I: X — [0, +o0].
For each y € Y, define

J(y) =inf{l(z) 1z € X, y=g(x)}.

Then J is a good rate function on ), and the sequence {g«(&n) }nen satisfies a large deviation principle
in Y with the rate function J:Y — [0, +0o0].

Definition 8.2. Let 7: X — X be a continuous map on a compact metric space X. The entropy
map of T is the map p +— h,(T), which is defined on M(X,T) and has values in [0, +o00]. Here
M(X,T) is equipped with the weak* topology. We say that the entropy map of T is upper semi-
continuous if limsup,, , o hy, (T) < h,(T) holds for every sequence {uy}nen of Borel probability
measures on X that converges to u € M(X,T) in the weak* topology.

We record the following theorem due to Y. Kifer [Kif9(, Theorem 4.3], as reformulated by H. Com-
man and J. Rivera-Letelier [CRL11, Theorem CJ.

Theorem 8.3 (Y. Kifer [Kif90]; H. Comman & J. Rivera-Letelier [CRL11]). Let X be a compact
metrizable topological space, and let g: X — X be a continuous map. Fix ¢ € C(X), and let H be
a dense vector subspace of C(X) with respect to the uniform norm. Let I4: P(X) — [0, 4+00] be the
function defined by

L P(g,9) — hu(9) — [edu if p € M(X,g);
e = Lo if pePX)\ M(X,g).

We assume the following conditions are satisfied:
(i) The measure-theoretic entropy h,(g) of g, as a function of p defined on M(X,g) (equipped
with the weak™ topology), is finite and upper semi-continuous.
(ii) For each v € H, there exists a unique equilibrium state for the map g and the potential ¢+ 1.

Then every sequence {&,}nen of Borel probability measures on P(X) that satisfies the property
that for each ¢ € H,

n—+oo N

(8.3) lim log /7><X) exp (n /1/1 du) A&, (p) = P(g,¢ +¢) — P(g, )
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satisfies a large deviation principle with rate function I,, and it converges in the weak™ topology
to the Dirac measure supported on the unique equilibrium state for the map g and the potential p.
Furthermore, for each convex open subset G of P(X) containing some invariant measure, we have

1 1 = . .
ngrfw - log &,(9) = ngrfoo - log &,(9) = —1rg1pr = —1r§1f I,.

Recall that P(g,¢) is the topological pressure of the map g with respect to the potential ¢.

8.2. Characterizations of pressures. In this subsection, we characterize the pressure function in
terms of Birkhoff averages (Proposition B.4) and iterated preimages (Proposition B.H).

Proposition 8.4. Let f,C, F, d, ¢, B satisfy the Assumptions in Section . We assume in addition
that f(C) C C and F € Sub(f,C) is strongly irreducible. Denote Q = Q(F,C). Then for each
Y € C%3(S?%,d), we have

(8.4) P(F,é+4) — P(F.¢)= lim ~log / exp(SF) dyiro,

n—+oco n

where P(F,¢) and P(F, ¢ + 1) are defined in ()

Proof. Recall from Theorems and that prps = (te, ) = Urg(Mp, My), Where mpy =
(mp, my) is an eigenmeasure of L} 4 from Theorem and up g is an eigenfunction of Lp, from

Theorem . Recall from Definition m and Remark that S = X[? U X2 is the disjoint union
of X{ and X{. Note that by Theorem 3.25 , we have L7 ;(mp, my) = eP(F:9) (my, my,). Since
infgupy > 0 and supgupy < +00, it is enough to prove the limit with up 4 replaced by mp .

For each n € N we have

F F
Jexp(sEu) dmry = |65 ¥1xg.e5¥1g) dlmp. )
F F _ *
= [ g ) (e PO L) (s )
_ F F
_. np(F,¢)/~L%7¢(esnwyxgvesnwyxg)d(mbjmm)_
S

Using Lﬁd)iesfﬂxg, esg‘l’\xg ) = H“%@er]l@ the assertion of the proposition is then a direct conse-

quence of (B.2§) in Theorem . O

The following proposition characterizes topological pressures in terms of iterated preimages.

Proposition 8.5. Let f, C, F, d, ¢, B satisfy the Assumptions in Section . We assume in addition
that f(C) C C and F € Sub(f,C) is strongly irreducible. Denote Q2 = Q(F,C). Then for each
yo € Q\ C, we have

— I H 1 F
(8.5) P(F,¢) = P(Flo,¢lo) = lim —log ) exp(S;e(x)),
z€(Fla)~™(yo)

where P(F, @) is defined in () and P(Flq, ¢|q) is defined in (@)

Proposition @ follows immediately from [LSZ25, Proposition 6.20 and Theorem 6.29]. Note that
Q\ C # 0 by [LSZ25, Proposition 5.20 (ii)].

8.3. Proof of large deviation principles. In this subsection, we establish Theorem @ by applying
Theorem B.3.

By the following two lemmas, we can show that conditions (i) and in Theorem @ are satisfied
in our context.

Lemma 8.6. Let T: X — X be a continuous map on a compact metric space X. Suppose that the
entropy map of T is upper semi-continuous. Let Y be a compact subset of X with T(Y) CY. Then
the entropy map of Ty is upper semi-continuous.
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Proof. Since M(Y,T|y) € M(X,T) and h,(T|y) = hu(T) for each p € M(Y,T|y), the statement
follows. O

Lemma 8.7. Let (X,d) be a metric space and'Y be a subset of X. Then for each B € (0, 1], we have
COP(Y,d) = {yly : v € C¥P(X,d)}.

Proof. For each ¢ € C%#(X,d), it follows immediately from the definition of Holder continuity that
Y|y € C%8(Y,d). The converse direction also holds since every function in C%#(Y,d) can extend to
a function in C%?(X, d) (see for example, [Hei01, Theorem 6.2 and p. 44]). O

Now we are ready to prove the level-2 large deviation principles.

Proof of Theorem . First note that by [LSZ25, Remark 3.12], if f: X — X is a postcritically-
finite rational map with no periodic critical points on the Riemann sphere X = (@, Athen the classes
of Holder continuous functions on C equipped with the chordal metric and on S? = C equipped with
any visual metric for f are the same. Thus we only need to prove the case where f: S2 — S? is an
expanding Thurston map with no periodic critical points on a topological 2-sphere S? equipped with
a visual metric d for f.

Let ¢ € C%?(S2,d) for some 3 € (0, 1].

We apply Theorem with X =Q, g = Flq, ¢ = ¢|q, and H = C%5(Q, d). Note that P(F,¢) =
P(F|q, ¢|q) by Proposition B.5, and C%3(£,d) is dense in C(Q2) with respect to the uniform norm
by Lemma p.17. By [LSZ25, Lemma 6.4] and (B.29) in Theorem B.27, the measure-theoretic entropy
hu(F|q) is finite for each p € M(Q, F|q). Since f has no periodic critical points, it follows from
[LS24, Theorem 1.1] that the entropy of f is upper semi-continuous. Then by Lemma @, the
entropy mof F|q = f|q is_upper semi-continuous. Thus, condition (i) in Theorem @ is satisfied.

Condition in Theorem follows from Theorem and Lemma m
It now sufﬁces to verify (B.3) for each of the sequences {3, },eny and {Q,(zy) }nen of Borel prob-
ability measures on P().

Fix an arbitrary ¢ € C%%(Q, d). By Lemma @, there exists ¥ € C98(82,d) such that @Z|Q =)
For the sequence {¥,, },en, by (@) in Proposition @ and (B.29) in Theorem , we have

1
ngllloo - log /P(Q)exp <n /¢ du) d¥,(u) = ngr}rloo log/exp(S’gw) dprg
Similarly, for the sequence {2, (zy,) }nen, by (@) in Proposition @, we have

i L1og /P . xp (n [ du) A% () (1)
= lim log Z Z exp(Sy ¢(y)) )62?:_111/1(Fi(y))

n—+oo N Y E(Fla)~"(an) exp(ngﬁ(y/

€(Fla)~(

1 F F /
= 1 1 SE(e+9)(w) _ Sy o(y')
Jm ( og g e og E e

ye(Fla)~"(zn) y'E€(Fla)™"(zn)
= P(Fla, ¢la + 1) — P(Fla, dla).
Therefore, all the assertions of Theorem follow from Theorem @ O

We finally prove Corollary B, which gives a characterization of measure-theoretic pressure.

Proof of Corollary u Fix 4 € M(, Flq) and a convex local basis G}, at_u. We show that (E)
in Corollar holds. By (@) and the upper semi-continuity of h,(F|q) ([LS24, Theorem 1.1] and
Lemma B.Q), we get
—I = inf —I) = inf (—infl,).
o) = jnf sup(~Is) = inf (~infly)
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Then it follows from (B) and (Q) in Theorem [1.2 that

~PE.0)+ hy(Fla) + [ odn = ~Lo() = inf (~inf L,

= inf { lim llog;u:,(b({a: €eN:V,(x) € g})}

GeGy, (n—m+oon

- inf{ lim - log > eXp(S’%(y))},

geCu nboon e vaweg 29
where we write Z,(¢) = Zye(pm)n(xn)exébfqb(y)). Note that by Propositions @ we have
P(F,¢) = lim, 400 = log Z,,(¢). Therefore, ([L.5) holds. O
We show that Corollary @ follows from Theorem E and the general theory of large deviations.

Proof of Corollary . The first assertion follows immediately from Theorems @ and @

We now consider an arbitrary interval K C R that intersects (cy, dy). Note that the rate function
J defined by (@) is bounded on [cy, dy] and constantly equal to +00 on R\ [y, dy]. Furthermore,
it follows from the convexity of I, that J is convex on R, and therefore continuous on (cy, dy). This
implies that infi, k) J = infz J since K N (cy,dy) # 0. Then (@) follows from (@) and (@) O
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