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ABSTRACT. Expanding Thurston maps were introduced by M. Bonk and D. Meyer with motivation
from complex dynamics and Cannon’s conjecture from geometric group theory via Sullivan’s dictio-
nary. In this paper, we show that the entropy map of an expanding Thurston map is upper semi-
continuous if and only if the map has no periodic critical points. For all expanding Thurston maps,
even in the presence of periodic critical points, we show that ergodic measures are entropy-dense and
establish level-2 large deviation principles for the distributions of Birkhoff averages, periodic points,
and iterated preimages. It follows that iterated preimages and periodic points are equidistributed
with respect to the unique equilibrium state for an expanding Thurston map and a potential that
is Holder continuous with respect to a visual metric on S?. In particular, our results answer two
questions posed in [] and generalize the corresponding results there.

One of the main tools used in this paper is called the subsystems of expanding Thurston maps,
which were inspired by a translation of the concept of subgroups from geometric group theory via
Sullivan’s dictionary, and have been investigated in [,}
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1. INTRODUCTION

A Thurston map is a (non-homeomorphic) branched covering map on a topological 2-sphere 52
that is postcritically-finite, meaning that each of its critical points has a finite orbit under iteration.
The most important examples are given by postcritically-finite rational maps on the Riemann sphere
C. While Thurston maps are purely topological objects, a deep theorem due to W.P. Thurston
characterizes Thurston maps that are, in a suitable sense, described in the language of topology
and combinatorics, equivalent to postcritically-finite rational maps (see [DH93]). This suggests that
for the relevant rational maps, an explicit analytic expression is not so important, but rather a
geometric-combinatorial description.

In the early 1980s, D.P. Sullivan introduced a “dictionary” that is now known as Sullivan’s dictio-
nary, which connects two branches of conformal dynamics: the iteration theory of rational maps and
the actions of Kleinian groups. Under Sullivan’s dictionary, the counterpart to Thurston’s theorem in
geometric group theory is Cannon’s Conjecture [Can94]. Inspired by Sullivan’s dictionary and their
interest in Cannon’s Conjecture, M. Bonk and D. Meyer [BM10, BM17], as well as P. Haissinsky
and K.M. Pilgrim [HP09], studied a subclass of Thurston maps, called expanding Thurston maps,
by imposing some additional condition of expansion (see Definition B.f). These maps are charac-
terized by a contraction property for inverse images (see Subsection for the precise definition).
In particular, a rational Thurston map on C is expanding if and only if its Julia set is equal to C.
For an expanding Thurston map on S?, we can equip S? with a natural class of metrics d, called
visual metrics, that are snowflake equivalent to each other and are constructed in a similar way as
the visual metrics on the boundary 0,,G of a Gromov hyperbolic group G (see [BM17, Chapter 8]
for details, and see [HP09] for a related construction).

In this paper we study the dynamics and properties of expanding Thurston maps from the point
of view of ergodic theory. The ergodic theory for expanding Thurston maps has been investigated
in [BM10, BM17, HP09, Lil8, Lil5, Lil7]. In [Lil§], the first-named author developed the thermo-
dynamic formalism and investigated the existence, uniqueness, and other properties of equilibrium
states for expanding Thurston maps. In [Lil5], for expanding Thurston maps without periodic crit-
ical points, by proving that the (measure-theoretic) entropy map is upper semi-continuous and then
applying a general framework devised by Y. Kifer [Kif90] and reformulated by H. Comman and
J. Rivera-Letelier [CRL11], the first-named author established level-2 large deviation principles for
iterated preimages and periodic points with respect to equilibrium states and obtains the correspond-
ing equidistribution results.

However, for expanding Thurston maps with a periodic critical point, upper semi-continuity of the
entropy map, level-2 large deviation principles, and equidistribution of periodic points with respect
to equilibrium states remained open.

In the present paper, for any expanding Thurston map, even in the presence of periodic critical
points, we prove entropy density of ergodic measures, establish level-2 large deviation principles for
the distributions of Birkhoff averages, periodic points, and iterated preimages, and conclude that
periodic points and iterated preimages are equidistributed with respect to the unique equilibrium
state for a potential that is Holder continuous with respect to a visual metric on S2. Specifically,
these results extend the corresponding findings in [Lil5], and the methods we use do not depend on
the upper semi-continuity of the entropy map.

Our results answer the two questions posed in [Lil5] by the first-named author of the current
paper. More precisely, we show that the entropy map of an expanding Thurston map f: S? — S2
is not upper semi-continuous when f has at least one periodic critical point. This result gives a
negative answer to Question 1 posed in [Lil5, p. 523]. Moreover, it suggests that the method used
there to prove large deviation principles does not apply to expanding Thurston maps with at least
one periodic critical point. In order to answer Question 2 posed in [Lil5, p. 523] positively, i.e.,
obtain the equidistribution results even in the presence of periodic critical points, we show that
the equilibrium state is the unique minimizer of the rate function and then apply the level-2 large
deviation principles.
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One of the tools that used in this paper are called subsystems of expanding Thurston maps
(see Subsection @), introduced and investigated in [LSZ25, LS24]. The notion of subsystems is
inspired by a translation of the notion of subgroups from geometric group theory via Sullivan’s
dictionary. We remark that subsystems are not only useful tools for studying the ergodic theory
of expanding Thurston maps, but they also have geometric significance in themselves. According
to Sullivan’s dictionary, an expanding Thurston map is associated with a Gromov hyperbolic group
whose boundary at infinity is S?. In this context, a subsystem corresponds to a Gromov hyperbolic
group whose boundary at infinity is a subset of S2. In particular, for Gromov hyperbolic groups whose
boundary at infinity is a Sierpinski carpet, there is an analog of Cannon’s conjecture—the Kapovich—
Kleiner conjecture. It predicts that these groups arise from some standard situation in hyperbolic
geometry. Similar to Cannon’s conjecture, one can reformulate the Kapovich—Kleiner conjecture in an
equivalent way as a question related to quasisymmetric uniformization. For subsystems, it is easy to
find examples where the tile maximal invariant set is homeomorphic to the standard Sierpinski carpet
(see Subsection for examples of subsystems). In this case, an analog of the Kapovich—Kleiner
conjecture for subsystems is under investigation [BLL].

The main challenges in this work arise from two factors: the non-uniform expansion of the dynamics
and the lack of upper semi-continuity of the entropy map due to periodic critical points. To tackle the
first challenge, we need to investigate the geometric properties of visual metrics and their interaction
with the combinatorial structures associated with subsystems. On the one hand, by utilizing visual
metrics, we can transform these difficulties into more manageable topological and combinatorial
problems. On the other hand, by constructing suitable subsystems and applying the thermodynamic
formalism for subsystems developed in the series of papers [LSZ25, LS24], we can obtain measures
with controllable measure-theoretic pressures, enabling us to obtain the desired bounds and prove
our results. Due to the second challenge, one cannot prove large deviation principles by applying a
variant of Y. Kifer’s result [Kif90, Theorem 4.3], as formulated by H. Comman and J. Rivera-Letelier
[CRL11, Theorem C], which is the main necessary tool used in [CRL11, Lil5]. Our proofs follow a
different approach and, in particular, do not rely on the upper semi-continuity of the entropy map
(see Subsection for details).

We remark that in [DPTUZ21], the authors addressed the periodic critical points by first blowing
up the sphere S? along the preimages of the critical orbits, thereby obtaining a coarse expanding map
on a Sierpinski carpet without periodic critical points. They then encoded the dynamics of the system
using a geometric coding tree, following the approach in [Prz85|, which yields a semi-conjugacy with
the shift map. The key point is that this semi-conjugacy preserves the entropy of an equilibrium
state (we also use this property to prove that the equilibrium state is the unique minimizer of the
rate function, see Proposition @ and Theorem [7.5). Therefore, the authors can apply classical
results for shift maps to a coarse expanding map with periodic critical points without any loss of
entropy, thereby establishing the thermodynamic formalism and statistical laws. However, in our
context, we do not see any obvious way to extend such a property to general invariant measures,
not just the equilibrium state. In addition, the relationship between the quantities associated with
periodic orbits in expanding Thurston maps and shift maps remains unclear and maybe insufficient
for proving large deviation principles.

1.1. Main results. Our results consist of three parts. We first show that the entropy map of an

expanding Thurston map f: S? — S? is upper semi-continuous if and only if f has no periodic

critical points. Then for every expanding Thurston map, we prove that the set of ergodic measures is

entropy-dense in the space of invariant measure. Finally, we establish level-2 large deviation principles

for the distributions of Birkhoff averages, periodic points, and iterated preimages, and conclude that

periodic points and iterated preimages are equidistributed with respect to the equilibrium state.
We now state our results precisely.

Upper semi-continuity of entropy. The entropy map of a continuous map 7: X — X defined on a
compact metric space (X,d) is the map p +— h,(T) which is defined on the space of T-invariant
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Borel probability measures M(X,T'), where h,(T) is the measure-theoretic entropy of T" for ;1 (see
Subsection @ and Definition p.1)) and M(X,T) is equipped with the weak*-topology.

Our first result is about the upper semi-continuity of the entropy map for expanding Thurston
maps.

Theorem 1.1. Let f: S? — S? be an expanding Thurston map. Then the entropy map of f is upper
semi-continuous if and only if f has no periodic critical points.

We remark that for expanding Thurston maps without periodic critical points, the upper semi-
continuity of the entropy map has been established in [Lil5, Corollary 1.3] by proving a stronger
property called asymptotic h-expansiveness (see [Mis76]). In the present paper, we complete the “only
if” part in Theorem through concrete constructions. These constructions show that the entropy
map is not upper semi-continuous even when restricted to the set of ergodic measures. Moreover, we
estimate the defects in semi-continuity (see Theorem @)

The continuity properties of the entropy map have been studied for a long time. A classical result
is that for an expansive homeomorphism defined on a compact metric space the entropy map is upper
semi-continuous (see for example, [Wal82, Theorem 8.2]). M.Yu. Lyubich [Lyu83, Corollary 1] showed
that for rational maps on the Riemann sphere the entropy map is upper semi-continuous. Another
fundamental result is that for a C'*° map defined on a smooth compact manifold the entropy map
is upper semi-continuous (see [New89, Theorem 4.1] and [Yom87]). While for C" diffeomorphisms
with_finite 7, upper semi-continuity of the entropy map may fail (for examples in dimension four
see [Mis73] and for examples in dimension two see [Buzl4]). In this setting, J. Buzzi, S. Crovisier,
and O. Sarig estimated the discontinuities of the entropy map in terms of Lyapunov exponents (see
[BCS22]). In the non-compact setting, for transitive countable Markov shift, the entropy map is
upper semi-continuous if the shift map has finite topological entropy (see [ITV22, Theorem 8.1]).
Otherwise the entropy map may not be upper semi-continuous (see [JMUO5, p. 774]).

Entropy density of ergodic measures. Let T: X — X be a continuous map on a compact metric
space (X, d) and M(X,T) be the set of T-invariant Borel probability measures on X. We say that a
subset N' C M(X,T) is entropy-dense in M(X,T) if, for each u € M(X,T), there exists a sequence
{tn}nen in N such that {{,}nen converges to p in the weak*-topology and hy, (T) — h,(T) as
n — +00.

We show that the set of ergodic measures is entropy-dense for every expanding Thurston map.

Theorem 1.2. For an expanding Thurston map f: S? — S?, the set of ergodic f-invariant measures
is entropy-dense in M(S?, f).

Entropy density of ergodic measures guarantees that one can approximate non-ergodic measures
with ergodic ones with similar entropy and similar expectations. Such a property plays an important
role in large deviation theory, which was used in [FO88|, and has been studied in various settings such
as Z% subshifts of finite type [EKW94], uniformly hyperbolic systems and S-shifts [PS05], ergodic
group automorphisms [[Yam09], and countable Markov Shifts [Tak20]. In addition, it has applications
in the multifractal analysis (see for example, [[J15]).

Level-2 large deviation principles. In order to present our results precisely, we briefly review some
key concepts. We refer the reader to Subsection for a detailed discussion.

Let {&,}nen be a sequence of Borel probability measures on a Hausdorff topological space X. We
say that {&,}nen satisfies a large deviation principle in X if there exists a lower semi-continuous
function I: X — [0, +o0] such that

1
liminf —log &,(G) > —inf I for all open G C X,
n—+oo N g
and

1
limsup — log &,(K) < — iII%fI for all closed KL C X,
n

n—-+o0o
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where log0 = —oo, inf () = +o0, and sup) = —oo. Such a function I is called a rate function, and
we call z € X' a minimizer if I(x) = 0 holds.

For expanding Thurston maps, we establish level-2 large deviation principles for the distributions
of Birkhoff averages, periodic points, and iterated preimages.

Theorem 1.3. Let f: S? — S? be an expanding Thurston map and d be a visual metric on S? for f.

Let ¢ be a real-valued Hélder continuous function on S? with respect to the metric d. Let iy be the

unique equilibrium state for f and ¢. We denote by P(f,$) the topological pressure of f with respect

to ¢, and by P(S?) the space of Borel probability measures on S? equipped with the weak*-topology.
For each n € N, let V,,: S? — P(S?) be the continuous function defined by

n—1
1
(1.1) Vi(z) = 525]@%
=0

and define Sy¢(x) = Y1 ¢(fi(x)) for each x € S*. Fiz an arbitrary sequence {w,}nen of real-
valued functions on S? satisfying wy,(z) € [1,degfn (z)] for each n € N and each x € S*. For each
n € N, we consider the following Borel probability measures on P(S?).

Birkhoff averages. ¥, := (V;,).(ptg) (i-e., Xy is the push-forward of py by Vi S* — P(S?)).
Periodic points. With Per,(f) == {p € S?: f*(p) = p}, put

- wn () exP(S,0(2))
2 i Y ) exp (S A )

Iterated preimages. Given a sequence {x;}jen of points in S?, put

pEPery, (f)

- wa (1) exp(S16(y))
. R yef—z":(xn) S e (o) ay) exD(S0(y7))

Then each of the sequences {Xy }nen, {2 tnen, and {Q,(x,) }nen satisfies a large deviation principle
in P(S?) with the rate function Is: P(S?) — [0, +00] given by

(1.4) I4(p) = — inf sup Fy,
Gop g

where the infimum is taken over all open sets G C P(S?) containing u, and Fy: P(S?) — [—00,0] is
defined by

S hu(f)+ [edu—P(f,0) if pe M(S?f);
9 Fola) = {—oo if 1€ P(S?) \ M(S2, f).

Moreover, g is the unique minimizer of the rate function Iy, and each of the sequences {¥y}nen,
{Qn}nen, and {Qn(Tn)nen converges to 8y, in the weak™ topology. Furthermore, for each convex
open subset G of 77(52) containing some invariant measure, we have infg I, = infg Iy,

(1.6) lim logZ (G)= lim logQ (G) = lim logQ (p)(G) = —igf]d),

n—+oo n n——+oo N n——+oo N
and (E) remains true with G replaced by its closure G.

Remark 1.4. In Theorem B, it can be verified that supg Fyy = supg(—1I,) for all open subsets
G C P(S5?), and the rate function I is convex and lower semi-continuous. We call —I,; the upper
semi-continuous regularization of Fj,. Note that if f has at least one periodic critical point, then the
rate function I is not equal to —Fy, because the entropy map of f is not upper semi-continuous
(see Theorem [1.1)). More precisely, it follows from Theorem that I, = —Fy if and only if f has
no periodic critical points.

As an immediate consequence of Theorem , we get the following corollary.
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Corollary 1.5. Under the assumptions of Theorem , for each u € M(S?, f) and each convex
local basis G,, of P(5?) at p, we have

—Iy(p) = inf { lim —log,uqs({:n €S5%:V,(z) € g})}

GeG, | n—toon

. 1
(1.7) = inf { lim —log Z Wy (p) exp(Sno(p ))} — P(f,9)

I T eber, (P Valp)e
i 1
ot { i Sos Y w)es(S.00) - P,
yef T (xn),Va(y)€G
By applying the general theory of large deviations, particularly the contraction principle (see
Theorem [7.1]), we derive the following level-1 large deviation principles from Theorem
Corollary 1.6. Let1): S? — R be a continuous function, and let 12 (52) — R be deﬁned by ¢( ) =
J¢du. Under the assumptions of Theorem . each of the sequences {w* }n€N7 {¢* n }nEN’

and {7,/)* n ”)}nGN satisfies a large deviation principle in R with the rate function J: R — [0, 400]
defined by

(1.8) J(a) = inf{[¢(ﬂ) € P(S?), /u} dp = a} for a € R.
Furthermore if ¢y < dy, where cy = mm{f@b dv : v € M(S } and dy = max{frb dv :
M(S?, f)}, then for each interval K C R intersecting (cy, dw)

1 1
_O}g{ J(a) = ngr—lr-loo - log,u¢<{ar €5?: - w(z) € K})
S 2 pePern(f), L5, p(p)ck Wn(P) exp(Snd(p))
= lim
(1.9) n—+0o N B Zp’ePern(f) wn(p') exp(Sno(p'))

— lim 10 Zyef*ﬂ(zn),%sw( )eKwn( )eXp( n¢( ))
- T ) oS )) )

n—+oo n

In addition, for all a € R,
(L10)  J(0) < Fla) = int{ P(0) ~ 1)~ [odusne Mis ), [van=al.

and J(«o) = j(oz) for each o € (cy,dy) if : S* — R is Hélder continuous with respect to the visual
metric d.

Remark. When the function 1 is Hélder continuous, the level-1 rate function J defined in ()
is close related to multifractal analysis, which studies level sets of the form K¢ = {r e X :
1My, o0 = >0 Y(fi(z)) = a}. Bach K& is f-invariant, and the entropy spectrum of Birkhoff
averages, i.e., the function Hy: [cy, dy] — [0,+00) defined by Hy(a) = hiop (Kff) (see Bowen [34]
and Pesin and Pitskel [137] for the precise definition), is described by the family of equilibrium states
{41y trer, in the sense that n: ¢ — [t duyy is a homeomorphism from R onto (cy,dy), and for each

a € (cy, dy),
Ho(0) = Iy 1, () = sup{ 1) s € M%), [w=a}

The following equidistribution results follow from the corresponding level-2 large deviation prin-
ciples and the uniqueness of the minimizer of the rate function.

Theorem 1.7. Let f: S? — S? be an expanding Thurston map and d be a visual metric on S* for
f. Let ¢ be a real-valued Hélder continuous function on S? with respect to the metric d. Let pe be
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the unique equilibrium state for f and ¢. Fiz an arbitrary sequence {wy, }nen of real-valued functions
on S? satisfying w,(z) € [l,degfn (x)] for each n € N and each x € S?. For each n € N, denote

Spo(z) = Zi?;ol (fi(x)) for each x € S?, and consider the following Borel probability measures on
2
Periodic points. With Per,(f) = {p € S?: f*(p) = p} put

wy,(p) exp(Sp o
Hn = 5f1
pEPlen(f) >y ePern(f) Wn(P )exp Z

Iterated preimages. Given a sequence {x;}jen of points in S?, put

wy (y) exp(Sn
Vp = 5 i
yefo;m 2 se () Wnl? >6XP S (2 Z i

Then each of the sequences {pintnen and {vy}nen converges to pg in the weak*-topology.
See Subsection @ for the proof of Theorem @
Remark 1.8. Since S,¢(f%(p)) = Sn¢(p) for each i € N if p € Per,(f), we get

Selt) exp(Su8(p))

Hn =
) Sty ) 5,

for each n € N. In particular, when w,,(-) = 1, we have
_ exp(Suo(p)) |
Hn = . Sy

pEPery, (f) Zp’EPern(f) eXp(Sn¢(p ))

when wy,(-) = dega(-), since deg (f(p)) = degpa(p) for each i € N if p € Pery,(f), we have

Ly, = deg n (p) exp(Sn¢(p))
' pEPery (f) ZP'GPern(f) degfn(p’)exp(5n¢(p/)) P

We remark that the novelty of Theorem @, Corollary @, and Theorem @, which generalize
the corresponding results in [Lil5], lies in their application to all expanding Thurston maps, in-
cluding those with periodic critical points. Additionally, Corollary partially extends [DPTUZ21,
Theorem 1.2 (5)].

1.2. Strategy and organization. We now discuss the strategies of proofs of our main results and
describe the organization of the paper.

To prove Theorem EI, by [Lil5, Corollary 1.3], it suffices to study expanding Thurston maps with
periodic critical points and show that their entropy maps are not upper semi-continuous. The main
point here is to find a sequence of invariant measures that converges in the weak*-topology and has
an entropy drop at the limit. Our strategy is to construct a suitable sequence of subsystems and
then apply the main results in [LSZ25, LS24] (see for example, Theorem ) to verify that the
sequence of measures of maximal entropy associated with the sequence of subsystems satisfies our
desired properties. The construction of such a sequence of subsystems is based on the key observation
that the local degree at a periodic critical point increases exponentially under iteration. Hence we
can find subsystems around periodic critical points such that entropies of the associated measures of
maximal entropy have a uniform positive lower bound.

The main idea behind the proof of Theorem is to find an ergodic measure that is close to
a given invariant measure in terms of both topology and entropy. To achieve this, we construct
a suitable subsystem and use the corresponding measure of maximal entropy to approximate the
given invariant measure. The construction of the subsystem poses the main difficulty. Our strategy
involves using pairs (as described in Subsection B.2) instead of tiles to build a strongly primitive
subsystem. While the set of pairs is not a generator (unlike the set of tiles, as shown in Lemma [.3),
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we first approximate ergodic measures with a finite collection of tiles in a specific sense (Lemma @)
We then construct pairs from these tiles. Furthermore, to obtain a primitive subsystem, we add one
suitable pair contained in the interior of the corresponding O-tile for each color. The existence of
such pairs is guaranteed by Lemma . Finally, with these preparations we are able to prove the
entropy density of ergodic measures.

The proof of Theorem is more involved and we divide the proof into four parts: the uniqueness
of the minimizer, characterizations of topological pressures, the large deviation lower bound, and
the large deviation upper bound. Here the characterizations of topological pressures are used in the
proof of large deviation lower and upper bounds, and the uniqueness of the minimizer is used to
prove the convergence of distributions and equidistribution results, which is necessary since in our
setting the entropy map may not be upper semi-continuous. It should be noted that one cannot
derive the uniqueness of the minimizer directly from the uniqueness of the equilibrium states (recall
Remark Q)

To prove the uniqueness of the minimizer, we use a semi-conjugacy of an expanding Thurston map
to a shift map, and show that the uniqueness of the minimizer follows from ergodic properties of the
shift map and the uniqueness of the equilibrium state. Here a key property of such a semi-conjugacy
is that even in the presence of periodic critical points, the entropy at the equilibrium state does not
drop under the projection from the symbolic space (see Proposition ) The existence and
properties of such a semi-conjugacy are proved in [DPTUZ21].

The characterization of topological pressures in terms of periodic points for expanding Thurston
maps has been established in [Lil5, Propositions 6.8] (see Theorem [7.7), while for iterated preimages
such characterization was only obtained for expanding Thurston maps without periodic critical points
(compare Theorem with Theorem ). By carefully analyzing the combinatorics of critical
points, we establish the characterization of topological pressures in terms of iterated preimages for
all expanding Thurston maps (see Theorem [7.9).

In the proof of large deviation lower and upper bounds we take an indirect approach. We first
consider an expanding Thurston map that has an invariant Jordan curve containing the postcritical
set. In such situations the associated cell decompositions have nice compatibility properties, enabling
the application of the results in the ergodic theory of subsystems established in [LSZ25, LS24].
However, such an invariant Jordan curve may not exist (see for example, [BM17, Example 15.11]).
Our strategy is to first establish large deviation bounds for sufficiently high iterates of an expanding
Thurston map, where such an invariant Jordan curve does exist (see Lemma B.7), and then prove for
the original expanding Thurston map.

An important property for the proof of the large deviation lower bound for all open sets is en-
tropy approachability of ergodic measures (as defined in Definition ), which guarantees that any
invariant measure can be approximated by an ergodic measure with entropy sufficiently large. This
property and is weaker than the entropy density of ergodic measures and allows for the simplifica-
tion of the proof of the lower bound to the case where the measure being considered is ergodic (see
also [EKW94, FO88, You9d, Tak19]). Then we obtain estimates for ergodic measures by using the
approximations (Lemma 6.2) in the proof of the entropy density established in Section By

The main idea for the large deviation upper bound is to construct measures whose measure-
theoretic pressures provide desired upper bounds for the deviations. Our strategy is to construct
certain strongly primitive subsystems (see Definition ) and apply the results in [LSZ25, LS24]
to produce such measures (see Proposition ) Similar strategies are used in one-dimensional
real dynamics [CRLT19] and countable Markov shift [Tak19]. Constructions and estimates for the
upper bound are much harder than those for the lower bound and are necessarily involved due to
the presence of critical points and the lack of upper semi-continuity of entropy.

Finally, to prove Theorem [1.7, we use the property that the equilibrium state is the unique mini-
mizer of the rate function and then apply the results from large deviation principles.

We now decribe the structure of this paper.
In Section , we fix some notation that will be used throughout the paper. In Section E, we first
review some notions from ergodic theory and dynamical systems and go over some key concepts
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and results on Thurston maps. Then we summarize some concepts and results on subsystems of
expanding Thurston maps. In Section Y, we state the assumptions regarding some of the objects in
this paper, which we will repeatedly refer to later as the Assumptions in Section {.

In Section [, we investigate the upper semi-continuity of the entropy map of an expanding Thurston
map and prove Theorem . In Section [, we_show that ergodic measures are entropy-dense for
expanding Thurston maps and prove Theorem [1.2.

Section [ is devoted to the study of large deviation principles and equidistribution results. In
Subsection [7.1], we give a brief review of large deviation principles. In Subsection we show that
the equilibrium state is the unique minimizer of the rate function. In Subsection [7.3, we establish
characterizations of the topological pressure in terms of periodic points and iterated preimages. In
Subsections and [7.5, we prove_the large deviation lower bound for all open sets and upper bound
for all closed sets. In Subsection [7.6, by combining the previous results together, we finish the proof
of Theorem and its two corollaries. In Subsection [7.7, we show that periodic points and iterated
preimages are equidistributed with respect to the unique equilibrium state, establishing Theorem [1.7.

Acknowledgments. The first-named author wants to thank Peter Haissinky and Juan Rivera-
Letelier for discussions on the upper semi-continuity property of the entropy map. 7. Li and
X. Shi were partially supported by NSFC Nos. 12101017, 12090010, 12090015, 12471083, and BJNSF
No. 1214021.

2. NOTATION

Let C be the complex plane and C be the Riemann sphere. Let S? denote an oriented topological
2-sphere. We use N to denote the set of integers greater than or equal to 1 and write Ny := {0} UN.
For z € R, we define |z] as the greatest integer < x, and [z ] the smallest integer > x. The cardinality
of a set A is denoted by card(A). The symmetric difference of two subsets A and B of a set X is
defined as

AAB:=(A\B)U(B\A).
Let g: X — Y be a map between two sets X and Y. We denote the restriction of g to a subset Z
of X by g‘Z-
Consider a map f: X — X on a set X. The inverse map of f is denoted by f~!. We write f" for

the n-th iterate of f, and f=" = (f")~!, for n € N. We set f0:=idy, the identity map on X. For
a real-valued function ¢: X — R, we write

—_

n—

Snp(x) = She(x) =Y ¢(f(z))

0

<

for x € X and n € Ng. We omit the superscript f when the map f is clear from the context. Note
that when n = 0, by definition we always have Sy = 0.

Let (X, d) be a metric space. For subsets A, B € X, we set d(A, B) == inf{d(x,y) : x € A, y € B}.
For each subset Y C X, we denote the diameter of Y by diamy(Y') := sup{d(z,y) : x, y € Y}, the
interior of Y by int(Y’), and the characteristic function of Y by 1y, which maps each z € Y to 1 € R
and vanishes otherwise. For each r > 0 and each z € X, we denote the open (resp. closed) ball of
radius 7 centered at x by By(z,7) (resp. By(z,7)). We often omit the metric d in the subscript when
it is clear from the context.

For a compact metrizable topological space X, we denote by C(X) (resp. B(X)) the space of
continuous (resp. bounded Borel) functions from X to R, by M(X) the set of finite signed Borel
measures, and P(X) the set of Borel probability measures on X. For p € M(X), we denote by
supp 4 the support of u (the smallest closed set A C X such that |u|(X \ A) = 0). For a point
x € X, we denote by d, the Dirac measure supported on {x}. If we do not specify otherwise, we
equip C(X) with the uniform norm [|-|¢(x) = |||, and equip M(X) and P(X) with the weak*
topology. According to the Riesz representation theorem (see for example, [Fol99, Theorems 7.17
and 7.8]), we identify the dual of C(X) with the space M(X).
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The space of real-valued Holder continuous functions with an exponent 5 € (0,1] on a compact
metric space (X, d) is denoted as C%?(X,d). For each ¢ € C%?(X,d),

9] = SUP{W rw,y € X, x#y},

and the Holder norm is defined as [[¢||co.s = [¢]s + [|9llc(x)-

3. PRELIMINARIES

3.1. Thermodynamic formalism. We first review some basic concepts from ergodic theory and
dynamical systems. For more detailed studies of these concepts, we refer the reader to [Wal82,
Chapter 9] and [KH95, Chapter 20].

Let (X, d) be a compact metric space and g: X — X a continuous map. Given n € N,

dg(z,y) = max{d(gk(x),gk(y)) ckef0,...,n— 1}}, for z, y € X,

defines a metric on X. A set F' C X is (n, €)-separated (with respect to g), for some n € N and € > 0,
if for each pair of distinct points z, y € F', we have dy (z,y) > €.

For each real-valued continuous function ¢ € C(X), the following two limits exist and are equal
(see for example, [KH95, Subsection 20.2]), which we denote by P(g,):

N 1 TR |

(3.1) P(g,1) = Jim lﬁilif —log Na(g,9,e,n) = Jim. lim inf — log Na(g,,e,n),
where Ny(g,¢,e,n) = sup{erE eXp(Sn’QZJ(:E)) : E C X is (n,e)-separated with respect to g}. We
call P(g,v) the topological pressure of g with respect to the potential v. In particular, when ¢ = 0,
the quantity hiop(g) == P(g,0) is called the topological entropy of g. Note that P(g,) is independent
of d as long as the topology on X defined by d remains the same (see for example, [KH95, Subsec-
tion 20.2]). Moreover, the topological pressure is well-behaved under iteration. Indeed, if n € N,
then P(g", Sptp) = nP(g,) (see for example, [Wal82, Theorem 9.8 (i)]).

We denote by B the o-algebra of all Borel sets on X. A measure on X is understood to be a Borel
measure, i.e., one defined on B. We call a measure p on X g-invariant if

19~ (A)) = u(A)

for all A € B. We denote by M (X, g) the set of all g-invariant Borel probability measures on X.
Let € M(X,g). Then we say that g is ergodic for pu (or u is ergodic for g) if for each set A € B
with g71(A) = A we have p(A) =0 or u(A) = 1. We denote by Merg(X, g) the set of all g-invariant
ergodic measures on X.
Let p € M(X,g). A measurable partition £ for (X, u) is a countable collection £ = {A; : i € I} of
sets in B such that p(A; N A;) = 0 for each pair of ¢, j € I with i # j, and

el
Here I is a countable (i.e., finite or countably infinite) index set. The measurable partition £ is finite
if the index set J is a finite set.

Two measurable partitions & and 7 for (X, ) are called equivalent if there exists a bijection between
the sets of positive measure in £ and the sets of positive measure in 7 such that corresponding sets
have a symmetric difference of y-measure zero. Roughly speaking, this means that the partitions are
the same up to sets of measure zero.

Let § = {A4;:j € J} and n = {By, : k € K} be measurable partitions for (X, ). We say £ is a
refinement of n if for each A; € &, there exists By € n such that A; C By. The common refinement
(or join) £V n of £ and n defined as

Evn={A;NB,:jeJ ke K}



ENTROPY DENSITY AND LARGE DEVIATION PRINCIPLES 11

is also a measurable partition. Put g=!(¢) := { g~ e d } and for each n € N define
n—1 ‘
&=\ 97 =¢vg OV - vg Q.
§=0

Let £ be a finite measurable partition for (g, 1) and A be the smallest o-algebra containing all sets
in the partitions g, n € N. We call § a generator for (g, ) if for each Borel set B € B there exists
a set A € A such that u(A A B) = 0. Note that if for every set B € B and every € > 0, there exists
n € N and a union A of sets in {; with u(A A B) <, then £ is a generator for (g, u).

Let £ = {A; : j € J} be a measurable partition of X and p € M(X,g) be a g-invariant Borel
probability measure on X. The entropy of £ is H,(§) = — 3 u(4;) log(p(4;)) € [0, +oc], where
0log 0 is defined to be zero. One can show that (see for example, [Wal82, Chapter 4]) if H,,(§) < +oo,
then the following limit exists:

hu(g,§) = lim —H, (&) € [0,400).

n—+oo n

The quantity h,(g, &) is called the measure-theoretic entropy of g relative to §&. The measure-theoretic
entropy of g for p is defined as

hu(g) == sup{hu(g,&) : £ is a measurable partition of X with H,(§) < +oo}.

If e M(X,g) and n € N, then (see for example, [KH95, Proposition 4.3.16 (4)])

(3.2) hu(g") = nhu(g)-
If t €[0,1] and v € M(X,g) is another measure, then (see for example, [Wal82, Theorem 8.1])
(3'3> htu-&-(l—t)u(Q) = thu(Q) + (1 - t)hl/<g>'

For each real-valued continuous function ¢ € C(X), the measure-theoretic pressure P,(g,v) of g
for the measure p € M(X,g) and the potential v is

Pulg.) = lu(9) + [0

The topological pressure is related to the measure-theoretic pressure by the so-called Variational
Principle. Tt states that (see for example, [KH95, Theorem 20.2.4])

(3-4) P(g,v) = sup{Pu(g,¥) : p € M(X, )}
for each ¥ € C(X). In particular, when 1) is the constant function 0,
(3.5) hiop(9) = sup{hy(g) : p € M(X, g)}.

A measure p that attains the supremum in (@) is called an equilibrium state for the map g and the
potential ©). A measure p that attains the supremum in (B.5) is called a measure of maximal entropy
of g.

Let X be another compact metric space. If p is a measure on X and the map n: X — X is
continuous, then the push -forward T fl of 1 by 7 is the measure given by m,u(A) == (7' (A)) for
each Borel set A C X. Note that if X = X, then p is m-invariant if and only if m.u = p.

Suppose g: X — X is a continuous map, p € M(X,g), and i € M(X,3). Then the dynamical
system (X, g, ) is called a factor of (X, g, ) if there exists a continuous and surjective map m: X —
X such that mopu = fiand Gom = mog. In this case, hz(g) < hu(g) (see for example, [KH95,
Proposition 4.3.16 (1)]).
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3.2. Thurston maps. In this subsection, we go over some key concepts and results on Thurston
maps, and expanding Thurston maps in particular. For a more thorough treatment of the subject,
we refer to [BM17, Lil7, LSZ25].

Let S? denote an oriented topological 2-sphere and f: S? — S? be a branched covering map. We
denote by deg;(z) the local degree of f at z € S2. The degree of f is deg f = Zmef )degf(x) for
y € S? and is independent of y.

A point = € S? is a critical point of f if degs(z) > 2. The set of critical points of f is denoted by
crit f. A point y € S? is a postcritical point of f if y = f*(z) for some z € crit f and n € N. The set
of postcritical points of f is denoted by post f.

Definition 3.1 (Thurston maps). A Thurston map is a branched covering map f: $? — 5% on S?
with deg f > 2 and card(post f) < +oo.

We now recall the notation for cell decompositions of S? used in [BM17] and [Lil7]. A cell of
dimension n in S, n € {1, 2}, is a subset ¢ C S? that is homeomorphic to the closed unit ball B" in
R™, where B™ is the open unit ball in R™. We define the boundary of ¢, denoted by Oc, to be the set
of points corresponding to OB™ under such a homeomorphism between ¢ and B". The interior of c is
defined to be inte(c) = ¢\ de. For each point x € 52, the set {z} is considered as a cell of dimension
0 in S2. For a cell ¢ of dimension 0, we adopt the convention that dc = () and inte(c) = c.

Let f: S — S? be a Thurston map, and C C S? be a Jordan curve containing post f. Then the
pair f and C induces natural cell decompositions D"(f,C) of S?, for each n € Ny, in the following
way:

By the Jordan curve theorem, the set S? \ C has two connected components. We call the closure
of one of them the white 0-tile for (f,C), denoted by X0, and the closure of the other one the black
0-tile for (f,C), denoted be X{. The set of 0-tiles is X°(f,C) := {XO, XO} The set of O-vertices is

VO(f,C) = post f. We set V (f,C) = {{:z:} z e VO(f,C } The set of 0-edges E°(f,C) is the set
of the closures of the connected components of C \ post f. Then we get a cell decomposition

D°(f,C) =X (f,C) UE*(f,C) UV'(}.C)

of S? consisting of cells of level 0, or 0-cells.

We can recursively define the unique cell decomposition D™(f,C), n € N, consisting of n-cells such
that f is cellular for (D"*1(f,C), D"(f,C)). We refer to [BM17, Lemma 5.12] for more details. We
denote by X"(f,C) the set of n-cells of dimension 2, called n-tiles; by E"(f,C) the set of n-cells of
dimension 1, called n-edges; by V' (f,C) the set of n-cells of dimension 0; and by V”(f,C) the set
{z : {z} € V"(f,C)}, called the set of n-vertices. The k-skeleton, for k € {0, 1}, of D"(f,C) is the
union of all n-cells of dimension k in this cell decomposition.

The following result proved in [BM17, Proposition 5.16] summarizes some properties of the cell
decompositions D"(f,C) defined above.

Proposition 3.2 (M. Bonk & D. Meyer [BM17]). Let k, n € Ng, f: S? — 5% be a Thurston map,
C C S? be a Jordan curve with post f C C, and m = card(post f).

(i) The map f* is cellular for (D™T*(f,C),D"™(f,C)). In particular, if ¢ is any (n+ k)-cell, then
f¥(c) is an n-cell, and f¥|. is a homeomorphism of ¢ onto f*(c).

(ii) The 1-skeleton of D™(f,C) is equal to f~"(C). The 0-skeleton of D"(f,C) is the set V(f,C) =
f~™(post f), and we have V*(f,C) C VE(f.C).

(iii) Every n-tile is an m-gon, i.e., the number of n-edges and the number of n-vertices contained
in its boundary are equal to m.

(iv) Let F == f* be an iterate of f with k € N. Then D"(F,C) = D" (f,C).

Remark 3.3. Note that for each n-edge e € E"(f,C), n € Ny, there exist exactly two n-tiles in
X"(f,C) containing e".
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For n € Ny, we define the set of black n-tiles as
Xp(f,C) = {X € X"(f,€) : [*(X) = Xy},
and the set of white n-tiles as
X (f:C) = {X e X"(£,€) : f"(X) = X3}
From now on, if the map f and the Jordan curve C are clear from the context, we will sometimes
omit (f,C) in the notation above.

If we fix the cell decomposition D" (f,C), n € Ny, we can define for each v € V" the n-flower of v
as

(3.6) W"(v) = U{inte(c) :ce D"(f,C),v € c}.
Note that flowers are open (in the standard topology on S2). Let W' (v) be the closure of W"(v).
Remark 3.4. For each n € Ny and each v € V™, we have

Wn(v) =X UXoU---UX,p,

where m = 2degn (v), and X1, X, ... X, are all the n-tiles that contain v as a vertex (see [BM17,
Lemma 5.28]). Moreover, each flower is mapped under f to another flower in such a way that is
similar to the map z — z¥ on the complex plane. More precisely, for each n € Ny and each v € V1,
there exist orientation preserving homeomorphisms ¢: Wt (v) — D and n: W"(f(v)) — D such
that D is the unit disk on C, p(v) =0, n(f(v)) =0, and

(nofop ") (2) =2*

for all z € D, where k := deg(v). Let W' (v) = X;UXoU---UX,, and W (f(v)) = X{UX}U---U
X/, where X1, Xy, ... X,, are all the (n+1)-tiles that contain v as a vertex, listed counterclockwise,
and X{, X3, ... X/, are all the n-tiles that contain f(v) as a vertex, listed counterclockwise, and

f(X1) = Xi. Then m = m’k, and f(X;) = X if i = j (mod k), where k = degy(v) (see Case 3 of the
proof of [BM17, Lemma 5.24] for more details). In particular, W™ (v) is simply connected. Moreover,
it follows from Proposition that the map f preserves the structure of flowers, or more precisely,

(3.7) FW™(x)) = W"H(f(x))
for each n € N and each = € V"*(f,C).
We denote, for each 2 € S? and each n € Z, the n-bouquet of =

(3.8) U"(x) = U{Y" € X" : there exists X" € X" with z € X", X"NY" # 0}

if n > 0, and set U™(x) := S? otherwise.
We can now define expanding Thurston maps.

Definition 3.5 (Expansion). A Thurston map f: S? — S? is called expanding if there exists a metric
d on S? that induces the standard topology on S? and a Jordan curve C C S? containing post f such
that

lim max{diamy(X): X € X"(f,C)} = 0.

n—-4o00

It is clear from Proposition @ and Definition @ that if f is an expanding Thurston map,
so is f" for each n € N. We observe that being expanding is a topological property of a Thurston
map and independent of the choice of the metric d that generates the standard topology on S2. By
Lemma 6.2 in [BM17], it is also independent of the choice of the Jordan curve C containing post f.

For an expanding Thurston map f, we can fix a particular metric d on S? called a visual metric for
f. For the existence and properties of such metrics, see [BM17, Chapter 8]. For a visual metric d for
f, there exists a unique constant A > 1 called the ezpansion factor of d (see [BM17, Chapter 8| for
more details). One major advantage of a visual metric d is that in (52, d) we have good quantitative
control over the sizes of the cells in the cell decompositions. We record [BM17, Proposition 8.4] here,
which characterizes visual metrics based on this quantitative control.
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Proposition 3.6. Let f: S? — S? be an expanding Thurston map and d be a metric on S?. Then
d is a visual metric for f with expansion factor A > 1 if and only if there exists a constant C' > 1
such that the following two conditions hold for all n € Ny:

(i) d(o,7) = C~'A=" whenever o and T are disjoint n-cells.
(i) C~1A=™ < diamy(1) < CA™" for all n-edges and all n-tiles 7.

Here cells are defined in terms of some Jordan curve C C S? with post f C C, and the constant C > 1
is independent of the cells and their level n.

A Jordan curve C C S? is f-invariant if f(C) C C. If C is f-invariant with post f C C, then the cell
decompositions D™(f,C) have nice compatibility properties. In particular, D"*#(f,C) is a refinement
of D"(f,C), whenever n, k € Ny. According to Example 15.11 in [BM17], such f-invariant Jordan
curves containing post f need not exist. However, M. Bonk and D. Meyer [BM17, Theorem 15.1]
proved that there exists an f"-invariant Jordan curve C containing post f for each sufficiently large
n depending on f. We record it below for the convenience of the reader.

Lemma 3.7 (M. Bonk & D. Meyer [BM17]). Let f: 5% — S% be an ezxpanding Thurston map, and
C C 82 be a Jordan curve with post f C C. Then there exists an integer N(f, ) € N such that for
eachn > N(f,C ) there exists an f™-invariant Jordan curve C isotopic to C rel. post f.

For the convenience of the reader, we record Proposition 12.5 (ii) of [BM17] here.

Proposition 3.8 (M. Bonk & D. Meyer [BM17)]). Let k, n € Ny, f: S — S? be a Thurston map,
and C C S% be an f-invariant Jordan curve with post f C C. Then every (n + k)-tile X"t* is
contained in a unique k-tile X*.

The following distortion lemma follows immediately from [Lil8, Lemma 5.1].

Lemma 3.9. Let f: S? — S? be an expanding Thurston map, and C C S? be a Jordan curve that
satisfies post f C C and f¢(C) C C for some nc € N. Let d be a visual metric on S* for f with
expansion factor A > 1. Let ¢ € C%P(S?,d) be a real-valued Hélder continuous function with an
exponent 5 € (0,1]. Then there exists a constant C1 > 0 depending only on f, C, d, ¢, and 5 such
that for all n € No, X" € X"(f,C), and z, y € X",

(3.9) |Sud(@) = Snd(y)| < Crd(f" (), f™(y))” < Ci(diamg(5%))”.
Quantitatively, we choose
(3.10) Cy = Cololg/ (1 — A7F),

where Cy > 1 is a constant depending only on f, C, and d.

We summarize the existence, uniqueness, and some basic properties of equilibrium states for
expanding Thurston maps in the following theorem.

Theorem 3.10 (Z. Li [Lilg]). Let f: S* — S? be an expanding Thurston map and d a visual
metric on S% for f. Let ¢ € C%P(S?,d) be real-valued Hélder continuous functions with an exponent
B € (0,1]. Then the following statements are satisfied:

(i) There exists a unique equilibrium state 4 for the map f and the potential ¢.

(i) If C C S? is a Jordan curve containing post f with the property that f¢(C) C C for some
ne € N, then py (U5 £7(C)) = 0.

Theorem ' is part of [Lil8, Theorem 1.1]. Theorem was established in [Lil§,
Proposition 7.1].

Actually, by [Lil8, Theorem 5.16, Proposition 5.17], the equilibrium state p4 is a Gibbs measure.
We explicitly formulate this result below for the convenience of the reader.
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Proposition 3.11 (Z. Li [Lilg]). Let f: S?> — S? be an expanding Thurston map and C C S? be a
Jordan curve containing post f with the property that f(C) C C for some ne € N. Let d be a visual
metric on S? for f and ¢ € CYP(S?,d) be a real-valued Hélder continuous function with an exponent
B € (0,1]. Then the equilibrium state pg for f and ¢ is a Gibbs measure with respect to f, C, and
¢, with the constant P,, = P(f,9), i.e., there exists a constant Cuy 2 1 such that for each n € Ny,
each n-tile X" € X"(f,C), and each x € X™, we have

1 pg(X™)
G S xp(Sndw) —nP(f,9) < e

We next introduce pair structures associated with tile structures induced by an expanding Thurston
map. We refer the reader to [LSZ25, Subsection 7.2] for details.

(3.11)

Definition 3.12 (Pair structures). Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying post f C C. Fix an arbitrary 0-edge ¢ € E°(f,C). For each n € N, we can
pair a white n-tile X € X{j and a black n-tile X{* € X{' whose intersection X{ N X' contains an
n-edge contained in f~"(e’). We define the set of n-pairs (with respect to f, C, and ), denoted by
P"(f,C,e"), to be the collection of the union X{ U X¢' of such pairs (called n-pairs), i.e.,

(3.12) P"(f,C,e%) = {XJUX{: X e XP, X¢ € XY, XpnX{nf (") e E"(f,C)}.

From now on, if the map f, the Jordan curve C, and the 0-edge e are clear from the context, we
will sometimes omit (f,C,e") in the notation above.
We record [LSZ25, Lemmas 7.6 and 7.9] in the following. Recall that U"(z) is defined in (@)

Lemma 3.13 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Fiz an arbitrary 0-edge €° € E°(f,C). Then for
each n € N and any two distinct n-pairs P", P* € P*(f,C, "), their interiors are disjoint.

Lemma 3.14 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S?* — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Let d be a visual metric on S? for f. Fix an
arbitrary 0-edge e° € E°(f,C). We assume in addition that f(C) C C. Then there exists an integer
M € N depending only on f, C, d, and €° such that for each color ¢ € {b,w}, there exists an M -pair
PM ¢ PM(f.C,e%) such that for each integer n > M and each x € PM | we have U™(x) C inte(X?).

3.3. Subsystems of expanding Thurston maps. In this subsection, we review some concepts
and results on subsystems of expanding Thurston maps. We refer the reader to [LSZ25, LS24] for
details.

We first introduce the definition of subsystems along with relevant concepts and notations. Addi-
tionally, we provide several examples to illustrate these ideas.

Definition 3.15. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S?
satisfying post f C C. We say that a map F': dom(F) — S? is a subsystem of f with respect to C if
dom(F) = |J X for some non-empty subset X C X!(f,C) and F = fldom(r)- We denote by Sub(f,C)
the set of all subsystems of f with respect to C. Define
Suby(f,C) == {F € Sub(f,C) : dom(F') C F(dom(F))}.
Consider a subsystem F' € Sub(f,C). For each n € Ny, we define the set of n-tiles of F' to be
(3.13) XY(F,C) ={X" e X"(f,C): X" C F"(F(dom(F)))},

where we set F° := idg> when n = 0. We call each X" € X"(F,C) an n-tile of F. We define the tile
mazimal invariant set associated with F' with respect to C to be

(3.14) Q(F,C) = (U %”(F,C)),
neN

which is a compact subset of S2. Indeed, Q(F.C) is forward invariant with respect to F, namely,
F(Q(F,C)) C Q(F,C) (see Proposition ). We denote by Fq the map Flope): Q(F,C) —
Q(F,C).
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Let X,?, X2 € XO(f,C) be the black 0-tile and the white 0-tile, respectively. For each n € Ny, we
define the set of black n-tiles of F as

XP(F,.C) = {X e X"(F,C): F"(X) = X},
and the set of white n-tiles of F' as

XL(F,C)={X e X"(F,C): F"(X) = X3 }.
Moreover, for each n € Ny and each pair of ¢, ¢ € {b,w} we define

n(F,C)={XeX}FC): X CXJ}
In other words, for example, a tile X € Xp (F,C) is a black n-tile of F' contained in X2 ie., an n-tile
of F that is contained in the white 0-tile X as a set, and is mapped by F™ onto the black 0-tile X ,9 .
By abuse of notation, we often omit (F,C) in the notations above when it is clear from the context.
We discuss two examples below and refer the reader to [, Subsection 5.1] for more examples.

Example 3.16. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C 52
satisfying post f C C. Consider F' € Sub(f,C).

(i) The map F: dom(F) — S? is represented by Figure @ Here S? is identified with a pillow
that is obtained by gluing two squares together along their boundaries. Moreover, each square
is subdivided into 3 x 3 subsquares, and dom (F') is obtained from S? by removing the interior
of the middle subsquare X} € X! (f,C) and X ,} € Xé( f,C) of the respective squares. In this
case, §2 is a Sierpinski carpet. It consists of two copies of the standard square Sierpinski
carpet glued together along the boundaries of the squares.

dom(F)

\52

\

F1GURE 3.1. A Sierpinski carpet subsystem.

(ii) The map F: dom(F) — S? is represented by Figure @ Here S? is identified with a pillow
that is obtained by gluing two equilateral triangles together along their boundaries. Moreover,
each triangle is subdivided into 4 small equilateral triangles, and dom (F") is obtained from
S? by removing the interior of the middle small triangle X! € X! (f,C) and X} € XL (f,C)
of the respective triangle. In this case, €2 is a Sierpinski gasket. It consists of two copies of
the standard Sierpinski gasket glued together along the boundaries of the triangles.
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F1cURE 3.2. A Sierpinski gasket subsystem.

We summarize some preliminary results for subsystems in the following proposition.

Proposition 3.17 (Z. Li, X. Shi, Y. Zhang []) Let f: 8% = S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Consider F € Sub(f,C). Then the following
statements hold:

(i) The tile mazimal invariant set Q is forward invariant with respect to F, i.e., F(2) C Q.
(ii) If f(C) CC, then X*(F,C) = X (F,C) U X, (F,C) for each m € Ny and each ¢ € {b,w}.
(iii) If f(C) CC, then F71(Q\C) C Q\C.

Proposition was proved in [, Proposition 5.4 (iii)]. Proposition and are
from [, Proposition 5.5 (ii) and (iii)].

We introduce a 2 x 2 matrix called the tile matrix to describe tiles of a subsystem according to
their colors and locations.

Definition 3.18 (Tile matrices). Let f: S> — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying post f C C. Consider F' € Sub(f,C). We define the tile matriz of F with
respect to C as
N N

3.15 A= A(F,C) = | ™ "m]
(3.15) .oy = [ R
where

N = Neo(A) = card{X € X} (F,C) : X C X0} = card(X{ (F,C))
for each pair of colors ¢, ¢ € {b,1w}. For example, Ny, is the number of black tiles in X'(F,C) that
are contained in the white O-tile XJ. Recall that X, X2 € X°(f,C) is the black 0-tile and the white
0-tile, respectively.

Remark 3.19. Note that the tile matrix A(F,C) of F with respect to C is completely determined
by the set X! (F,C). Thus for each integer n € Ny and each set of n-tiles T C X"(f,C), similarly, we
can define the tile matrix A(T) of T as
Nuw(T)  Now(T)
A(T) = | [P v
)= | Nuo(T) - N ().
where N (T) = card({X € T : X € X?(f,C), X C X0}) = card(X™ (F,C)) for each pair of
¢, ¢ € {b,0}.

Definition 3.20 (Primitivity). Let f: S — 52 be an expanding Thurston map with a Jordan curve
C C S? satisfying post f C C. Consider F' € Sub(f,C). We say that F is a primitive (resp. strongly
primitive) subsystem (of f with respect to C) if there exists an integer np € N such that for each
pair of ¢, ¢ € {b, 1} and each integer n > np, there exists X" € X7(F,C) satisfying X" C X7 (resp.
X™ C inte(XD)).

Remark 3.21. By [, Lemma 5.10], every expanding Thurston map f is a strongly primitive
subsystem of itself with respect to every Jordan curve C C S? satisfying post f C C.
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We record [LSZ25, Lemmas 5.22] below, which shows that primitive subsystems have nice combi-
natorial and topological properties.

Lemma 3.22 (Z. Li, X. Shi, Y. Zhang [LSZ25]). Let f: S — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Let F_€ Sub(f,C) be primitive (resp. strongly
primitive). Let np € N be the constant from Definition , which depends only on F' and C. Then
for each n € N with n > np, each m € Ny, each ¢ € {b,10}, and each m-tile X™ € X™(F,C), there
exists an (n + m)-tile X" € X" (F,C) such that Xt™ C X™ (resp. X C inte(X™)).

We now review some concepts and results on the ergodic theory of subsystems of expanding
Thurston maps. We refer the reader to [LSZ25, Section 6] for more details and the proofs.

Definition 3.23 (Topological pressures for subsystems). Let f: S? — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C). For a real-valued
function ¢: S? — R, we denote

Zn(F, @) = Z exp(sup{Sggo(a;) rxe X"}
Xnexn(FC)
for each n € N. We define the topological pressure of F' with respect to the potential ¢ by
1
1 P(F, ) == liminf — log(Z,(F, )).
(3.16) (F, ) = liminf —log(Z,(F, ¢))

In particular, when ¢ is the constant function 0, the quantity hiop(F) = P(F,0) is called the
topological entropy of F.

Remark. We note that the definition () differs from the classical definition in (@) presented
in Subsection @, which applies to Fl|q and ¢|q. Indeed, they coincide for a strongly primitive
subsystem and a Holder continuous potential (see [LSZ25, Theorems 6.29 and 6.30]).

We record [LSZ25, Proposition 6.5] below, which shows that the topological entropy of F' can in
fact be computed explicitly via tile matrices defined in Definition B.18§.

Proposition 3.24 (Z. Li, X. Shi, Y. Zhang [LSZ25)). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider a subsystem F € Sub(f,C).
Let A be the tile matriz of F with respect to C. Then we have

(3.17) hiop(F) = log(p(A)),
where p(A) is the spectral radius of A.

Remark. The spectral radius p(A) can easily be computed from any matrix norm. If for an (m x m)-
matrix B = (b;;) we set || B|| == > " _, |b;;| for example, then p(A) = Ty, 400 (|| A™ )Y/

We summarize the existence and some basic properties of equilibrium states for strongly primitive
subsystems in the following theorem, which is part of [LS24, Theorem 1.1]. Recall that F(2) C Q
by Proposition M .

Theorem 3.25 (Z. Li & X. Shi [LS24]). Let f: S? — S? be an expanding Thurston map with a
Jordan curve C C S? satisfying post f C C and f(C) C C. Let d be a visual metric on S? for f, and ¢
be a real-valued Hélder continuous function on S? with respect to the metric d. Consider a strongly
primitive subsystem F € Sub(f,C). Then there exists a unique equilibrium state pp 4 for Flo and
dla. Moreover, pip g is ergodic for Flq.

4. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our theory in most parts of this paper.
We will selectively use some of the following assumptions in the remaining part of this paper.

The Assumptions.

(1) f:S? — S? is an expanding Thurston map.
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(2) C C S? is a Jordan curve containing post f with the property that there exists an integer
ne € N such that f¢(C) C C and f™(C) € C for each m € {1, ..., n¢ — 1}.

3) F € Sub(f,C) is a subsystem of f with respect to C.

4) d is a visual metric on S? for f with expansion factor A > 1.

5) B € (0,1].

6) ¢ € C%P(S2,d) is a real-valued Holder continuous function with exponent 3.

7) pe is the unique equilibrium state for the map f and the potential ¢.

8) e € E°(£,C) is a 0-edge.

Observe that by Lemma @, for each f in , there exists at least one Jordan curve C that satisfies
. Since for a fixed f, the number n¢ is uniquely determined by C in , in this paper, we say that
a quantity depends on C even if it also depends on ng¢.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely determined by d
and f. We will say that a quantity depends on f and d if it depends on A.

In the discussion below, depending on the conditions we will need, we will sometimes say “Let f,
C, d, ¢ satisfy the Assumptions.”, and sometimes say “Let f and C satisfy the Assumptions.”, etc.

(
(
(
(
(
(

5. UPPER SEMI-CONTINUITY

In this section we show that the entropy map of an expanding Thurston map is upper semi-
continuous if and only if the map has no periodic critical points.

Definition 5.1. Let X be a compact metrizable topological space and T': X — X be a continuous
map. The entropy map of T is the map p +— h,(T) which is defined on M(X,T') and has values
in [0,+o0]. Here M(X,T) is the set of all T-invariant Borel probability measures on X and is
equipped with the weak® topology. We say that the entropy map of T' is upper semi-continuous if
limsup,,_, ;o Ay, (T') < h,(T') holds for every sequence {fi, }nen of Borel probability measures on X
that converges to p € M(X,T) in the weak* topology.

The proof of the following lemma is straightforward, and we include it for the sake of completeness.

Lemma 5.2. Let X be a compact metrizable topological space and T: X — X be a continuous map.
Consider arbitrary n € N and p € M(X,T"). Define v := %Z?:_ol T p. Then v e M(X,T) and
(5.1) hTﬁ'#(T”) = hu(T") = h(T™) = nhy,(T) foreach j €{0,1,..., n—1}.

Moreover, if p is ergodic for T™, then v is ergodic for T.

Proof._Fix arbitrary n € N and p € M(X,T"). Then Thv = v € M(X,T) since T/'u = p. By (@)
and (B.3), we have

n—1
(5.2) nhy (T) = hy (T") = % S gy (7).
7=0

We now show that thN(T”) = h,(T") for each j € {0, ..., n — 1}. Indeed, the measure Tyu
is T™-invariant and the triple (X, 7™ . T,p) is a factor of (X, 7™, u) by the map T. It follows that
hr,  (T™) < hy(T™) (see Subsection @) Iterating this and noting that 7'y = p by T"-invariance
of p, we obtain

hu(T") = hrpp(T") < hpn1 (T") < -+ - < h o (T7) < Ry (TT).
Hence thu(T”) = h,(T") for each j € {0, ..., n—1}. Combining this with (@), we establish (@)

Finally, we assume that u is ergodic for T". Let A be a Borel subset of X satisfying T-!(4) = A.
Since T7™(A) = A and p is ergodic for T, we have u(A) € {0, 1}. Then

n—1 n—1
V(A) = S = 37 u(T(A) = (4) € {0, 1,
1=0 1=0
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This implies that v is ergodic for T'. O
The following proposition is a consequence of Lemma @

Proposition 5.3. Let X be a compact metrizable topological space and T: X — X be a continuous
map. Consider arbitrary n € N. Then the entropy map of T™ is upper semi-continuous if and only
if the entropy map of T is upper semi-continuous.

Proof. Fix arbitrary n € N.

Suppose that the entropy map of 7™ is upper semi-continuous. Since M(X,T) C M(X,T"), it
follows immediately from (@) that the entropy map of T is also upper semi-continuous.

For the converse direction suppose that the entropy map of T™ is not upper semi-continuous.
Then there exists a T"-invariant Borel probability measure g € M(X,T") and a sequence { i }ren
of T™-invariant Borel probability measures in M(X,T™) such that {ux}ren converges to o in the
weak® topology and satisfies
(5.3) limsup hy, (T") > hy(T").

k—+o00

We define v = %Z?;ol T! g and vy, == %Z?;ol T uy, for each k € N. Then {vg }ren converges to
vp in the weak* topology. Indeed, for each ¢ € C(X), since STy € C(X) and {u;}ren converges to
po in the weak™ topology, we obtain

1 1
/s@deZn/S;f@duan/Sﬁf@duoz/sodVo
as k — +o0.

Now we show that the entropy map of T is not upper semi-continuous at . It follows immediately
from (@) and Lemma p.2 that

1 1
limsup hy, (T') = —limsup hy, (T7) > —hu, (T") = hyo (T).
k—+o00 N k—+oco n

This completes the proof. O

By constructing suitable subsystems, we can prove the “only if” part in Theorem @ We first
establish the following proposition and then prove the general cases (Theorem p.5).

Proposition 5.4. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S?
satisfying post f C C and f(C) C C. Suppose that f has a fized critical point p. Then there exists a
sequence {fin}nen of ergodic f-invariant Borel probability measures in M(S?, f) such that {pn }nen
converges to 0, in the weak™ topology and satisfies

(5.4) lim hy,, (f) = log(degs(p)) > 0 = hs,(f).

n—-+o0o

In particular, the entropy map of f is not upper semi-continuous at d,.

Proof. Let p € S? be a critical point of f that is fixed by f. Set k = deg¢(p). Then k > 1. Note
that §, € M(S?, f) and hs,(f) = 0, where J, is the Dirac measure supported on {p}. It suffices to
construct a sequence {i, }nen of ergodic f-invariant Borel probability measures in M(S2, f) such
that {j, }nen converges to d, in the weak* topology and satisfies (@)

We first give the construction of { i, }nen.

Fix arbitrary n € N. The set of n-tiles of f at p is defined as X" (f,C,p) :=
Then by Remark @, we have W' (p) = UX™(f,C,p) and card(X"(f,C,p)
where W"(p) is defined in (@) and W" (p) is the closure of W"(p).

Since f € Sub(f,C) is strongly primitive, by Lemma 3.2, there exists an integer ny € N depending

only on f and C such that for each n-tile X™ € X"(f,C), there exists a black (n + ny)-tile X;H_nf €

X:Jrnf(f,C) and a white (n + ny)-tile X‘Trnf € X7‘Z,+nf(f,C) such that X:Jrnf UXe ™ C inte(X™).
We denote by E, the set consisting of two such (n 4 ny)-tiles, one black and one white, for each
n-tile X" € X"(f,C,p). In particular, we have card(E,,) = 2 card(X"(f,C,p)) = 4k™.

{X e X"(f,C):pe X}.
) = 2(deg;(p))" = 2k",
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We set F,, = f”+”f|UEn and ﬁn = F,lq,, where Q, = Q(F,,C) is the tile maximal invariant
set agsociated with F, with respect to C. Note that p € post f C C. By Remark and Proposi-
tion @, F,, € Sub(f™*"s,C) is strongly primitive. Then it follows from Theorem B.25 and [LSZ25,

Theorem 1.1] that there exists Iy € M(Qn,ﬁn) C M(S?, frs) such that supp i, € 2, € JE, C
Ux"*(f,C,p) = W (p) and

hA (fn—mf) = hA (ﬁn) = P(Fn,()) = htOP(Fn)v
where P(F},,0) and hiop(F),) are defined in Definition . Put

n+ny—1

Hn :n+nf Z f*un

7=0

Applying Lemma @, we have p, € M(S?, f) and (n+ ng)h,, (f) = hg, (f"7) = hiop(Fn).
Now we calculate h,,, (f) for each n € N and show that (@) holds.
E 24

By Definition and Proposition , we have hiop(Fy,) = log(p(Ay)), where A, is the tile
matrix of F,, with respect to C and p(A,) is the spectral radius of A,. Recall from Definition

and Remark that
N, N,
An:A En — ot bro ’
(Er) [Nmb Nbb]

where N,/ = card({X cE,: X ¢ X?—mf(f,C), X C XCO,}) for each pair of ¢, ¢ € {b,tw}. In
particular, since f(C) C C, by the construction of E,, and Proposition @3 ii), one has Ny = Ny
and N + Nop = card(E;,)/2 = 2k™ for each pair of ¢, ¢ € {b,w}. Then it follows that p(A,,) = 2k™.
Hence htop(Fy,) = log(2k™) and (@) holds since

htop(Fn) _ log(an)
n+ny o+ ng

hm(f) =

— logk as n — 4o00.

Finally, we show that {p, }nen converges to d, in the weak™ topology. It suffices to show that for
each p € C(S?), [pdu, — ¢(p) as n — +oo.

We fix a visual metric d that satisfies the Assumptions in Section @

Fix arbitrary ¢ € C(5?%) and € > 0. Since ¢ is continuous at p, there exists a number § > 0 such
that for each x € S? with d(z,p) < J, we have |p(z) — ¢(p)| < e. By Prop031t10n @ (ii), there
exists an integer N € N such that for each integer £ > N, we have w (p) C By(p,d). For each
n € N and each j € {O 1, 1} it follows from supp fi, € W' (p) and (@) in Remark B.4 that

supp fj ln C fJ ( . Thus for sufficiently large n, we have W' ”(p) C Bqy(p,d) for

all j € {0, 1, N 1} Then
n+nf
Ay, | = afi
/so n ' o (p) n+nf2/<p fliin
n—N-—1
+nf
< dfy
o) - > [easiin| + 32 ol
n—N-—1
(N+n)
< Z /Iw o) 4f27n +
n+nf

n—N 2(N—|—nf)
€

n+ny n+ny

< 2e

N

lelloo

for sufficiently large n. This implies [¢du, — ¢(p) as n — +oo for each p € C(S?).
The proof is complete. O



22 ZHIQIANG LI AND XIANGHUI SHI

Based on Proposition @, we now prove the general cases by applying Proposition @
‘Recall that a point x € S? is a periodic point of f: S? — S? with period n € N if f*(x) = x and
f'(z) # x foreachi e {1,2,..., n—1}.

Theorem 5.5. Let f: S? — S? be an expanding Thurston map. Suppose that f has a periodic
critical point p with period n for some n € N. Denote V,,(p) = %Z?gol 5fi(p). Then there exists a
sequence {vy}ren of ergodic f-invariant Borel probability measures in M(S?, f) such that {vy}ren
converges to Vy,(p) in the weak® topology and satisfies

(5.5) tim o () = — Tog(dega (p) > 0 = hy ) (1)

In particular, the entropy map of f is not upper semi-continuous at Vy(p).

Proof. Suppose that p € S? is a periodic critical point of f with period n for some n € N.

By Lemma B.7, we can find a sufficiently high iterate f™ of f that has an f™-invariant Jordan
curve C C S? with post f = post f C C. We fix such Jordan curve C and set F := fV with
N :=nm. Thus F(C) C C and p is a fixed critical point of F with degp(p) = (degn (p))™. Note
that F is also an expanding Thurston map.

By Proposition p.4, there exists a sequence {puy }ren of ergodic F-invariant Borel probability mea-
sures in M(S2, F) such that {juy }ren converges to d, in the weak* topology and satisfies
(5.6) . ETOO hy, (F) = log(degp(p)) > hs,(F) = 0.

We define v, = % E;V:_Ol fﬂ ur for each k£ € N. It follows immediately from Lemma @ that
v, € M(S?, f) and vy, is ergodic for f. Note that {v;}xen converges to Vi, (p) in the weak* topology.

Indeed, for each ¢ € C(X), since S]Ji,go € C(X) and {uk}ren converges to 0, in the weak® topology,
we have

1 1
/goduk:N/S]];godukHN/SJ{,godé :/cpan(p) as k — 4o0.
Finally, by (@) and Lemma @ we have

. 1 . 1 1 hs, (F)
Jim Ry (f) = dim Ry, (F) = 5 log(degp(p) = - log(degyn (p)) > =1 = v, ) (f) = 0.
This completes the proof. O

Proof of Theorem . By [Lil5, Corollary 1.3], if f has no periodic critical points, then the entropy
map of f is upper semi-continuous. The opposite direction follows immediately from Theorem p.5. [J

6. ENTROPY DENSITY

This section is devoted to the proof of entropy density of ergodic measures for expanding Thurston
maps, with the main result being Theorem @

We first introduce some notations.
Notations. For ¢ € N we define

C(8%) = {F = (¢1, .-, @0) : pj € C(S?) for each j € {1, ..., £}}.

For @ = (¢1, ..., 1) € C(S?), d = (aq, ..., ay) € R, and p € P(S?), the expression [@Fdu > &
indicates that [¢;du > a; holds for each j € {1, ..., ¢}. The meaning of [Fdp > @ is analogous.
We write Sp@ = (Sn@1, - .-, Snpr) € C(S?). Put ||@]| = max;< < || and ||F] == maxi<j<r@;]loo-
For € € R we use the convention that & 4 & :== (ay +¢, ..., ag +¢) € R

Let f: S? = S? be an expanding Thurston map and C C S? be a Jordan curve containing post f.
For a real-valued function 1 : S — R and an integer n € N define

(6.1) Dy(¥) = DLC(p) = sup  sup [Snat(x) — Sutb(y).
XneXn(f,C)x,yeXm™
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Note that D, (¢)) < nD1(¢)) holds for every n € N. For £ € N and ¢ € C(S?)¢, we write D, (@) =
maxi<j<¢ Dn(pj) for each n € N.
Indeed, for ¢ € C(S?) we have lim,_, 1 Dy (¢)/n = 0.

Lemma 6.1. Let f and C satisfy the Assumptions in Section . Then

1
lim —Dy(¢) =0

n—4+oo N
for each p € C(S?).

Proof. We fix a visual metric d that satisfies the Assumptions in Section @

Fix arbitrary ¢ € C(S?) and € > 0. Since ¢ is uniformly continuous on S?, there exists a number
§ > 0 such that for each pair of p, ¢ € S? that satisfy d(p,q) < &, we have |¢(p) — v(q)| < . By
Proposition , there exists a constant C' > 1 such that

(6.2) diamg(X*) < CA™"  for all k € Ng and X* € X*(f,C).

This implies that there exists N € N such that diamy (X k) < § for all integer k > N and X* ¢
X*(f,C). Then for each sufficiently large n € N, each X™ € X"(f,C), and each pair of z, y € X",
by Proposition ﬁ , we have
n—N-—1 ) ' n—1 ‘ .
|Snp(@) — Snep(y)| < lo(fi(@) = e(fr W)+ D le(fi(x) —e(fi(y))l
k=0 k=n—N
< (n—N)e+ N|¢| -
It follows that
n—N T Nlelloo _

1
limsup —D,(p) < lim €
n—+oo N n—+oo n n

Since € > 0 is arbitrary, the proof is complete. O

Let f and C satisfy the Assumptions in Section H We assume in addition that f(C) C C. In the
following, we set

(6.3) E* = |J ).
n€eNg
Then E* is a Borel set. Proposition @ implies that E°° is equal to the union of all edges. Since
every vertex is contained in an edge, the set £°° also contains all vertices. Moreover, we have
(6.4) fHE>®) = E>.
Indeed, note that C C f~1(C) and so

FTHET) = f1< U f”(C)) = r™ve=Jsrrc=cul rrc=E>.
n€Ng n€Ng neN neN

The next lemma approximates ergodic measures with a finite collection of tiles in a particular
sense.

Lemma 6.2. Let f and C satisfy the Assumptions in Section . We assume in addition that f(C) C C.
Consider £ € N and @ € C(S?)". Then for each ergodic f-invariant measure u € P(S?) and each
e > 0, there exists ng € N such that for each integer n > ng, there exists a non-empty subset T™ of

X"(f,C) such that

(6.5) ’1 log card(T") — hu(f)’ <e and
n
1., . o
(6.6) sup ||—=Sp@(x) — /(p d,u” <e.
zeJTn|| T

To prove Lemma @, we need the following lemma, which is a generalization of [BM17, Lemma 17.7].
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Lemma 6.3. Let f and C satisfy the Assumptions in Section . We assume in addition that f(C) C C.
Consider an f-invariant Borel probability measure u € P(S?). Then the following statements hold:

(i) Suppose that p(E) = 0. Then for each n € N, the set X"(f,C) forms a measurable partition
for (S2, ) and is equivalent to the partition £} where { = X1(f,C). Moreover, ¢ = X'(f,C)
is a generator for (f, ).

(ii) Suppose that p(E*) =1 and p is non-atomic. Then u(C) = 1. Additionally, for eachn € N,
the set E™(f,C) forms a measurable partition for (S2,u) and is equivalent to the partition ny

where n = El(f,C). Moreover, n = El(f,C) is a generator for (f,p).

(iii) Suppose that there exists a point x € S? such that p({z}) > 0. Then z is a periodic point of
f. Moreover, if we assume in addition that ju is ergodic, then p = + Z 6fz( ), where n is
the period of x.

Proof. Statement (i) was established in [BM17, Lemma 17.7].

We first note that it follows immediately from our assumptions that pu(C) = 1. Indeed, since
w is f-invariant, we have u(f~"(C)) = u(C) for all n € Ny. On the other hand, C C f~"(C), and so
u(f~™(C)\ C) = 0. This implies that u(E>° \ C) = 0. So p is actually concentrated on C.

Since 41 is non-atomic, we have p(v) = 0 for all vertices v € U, e, V"*(f,C). For each n € N, since
f(C) CC C f~™(C), the set [JE"(f,C) has full measure, and two distinct n-edges have only vertices,
i.e., a set of y-measure zero, in common. Hence E"(f,C) is a measurable partition for (52, ).

Fix arbitrary n € N and e € E"(f,C). We now show that E"(f,C) is equivalent to the partition
1y, where n = E!(f,C). For i = 1, ..., n there exist unique i-edges e! € E'(f,C) with e = " C
e" 1 C...Cel. Set e;:=fi7l(e!) fori=1,...,n. Then ey, ..., e, are 1-edges. We claim that

(6.7) e=eNfle) NN Nie,).

To see this, denote the right hand side in this equation by e. Then it is clear that e C €. We verify
e = ¢ by inductively showing that for any point z € € we have x € ¢’ for i = 1, ..., n, and so
reEe”=e.

Indeed, since € C e; = e! this is clear for i = 1. Suppose z € e~ for some i € N Wlth 2<i<n.
To complete the inductive step, we have to show x € e'. Note that x € e C f D(e;) and so
fi=l(x) € ;. By Proposition @ , the map fi~!,i-1 is a homeomorphism of €'~ I onto the 0-edge
fi=t(ei~1). Moreover, zE€e et Cet™l and fi71(x) € ¢; = fi71(e'). Hence by injectivity of fi~1
on e/~ we have z € e’ as desired.

Equation (@) shows that every element in E"(f,C) belongs to nj}, where n = E!(f,C). This
implies that the measurable partitions E"(f,C) and n}‘ are equivalent (n? may contain additional
sets, but they have to be of measure zero).

To establish that n = E!(f,C) is a generator, let B C S? be an arbitrary Borel set and ¢ > 0.
Since the measurable partitions E™(f,C) and ny are equivalent for each n € N, it suffices to show
that there exists k¥ € N and a union A of k-edges such that u(A A B) < e.

By regularity of ; there exists a compact set K C B and an open set U C S? with K € B C U
and u(U \ K) < e. Since the diameters of edges approach 0 uniformly as their levels become larger,
we can choose k£ € N large enough such that every k-edge that meets K is contained in the open
neighborhood U of K. Define K¢ = K NC and

A= J{e* € B¥(f,0) : " 0 Ke # 0}.
Then Ko € A C U. This implies AA B C U \ K¢, and so
WA D B) < (U Ke) < p(U\ K) + p(U\€) = u(U \ K) < e

as desired. The proof of statement is complete.

Assume first that there exists a pint x € S? such that u({z}) > 0.
We claim that z is preperiodic. Otherwise, for each pair of k, £ € N with k # £, we have f*(z) #
fi(x). We write z,, == f(z) for each n € N. Then = € f~"(x,,) and u({z,}) = u(f"(xn)) = pu({z})
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for each n € N since p is f-invariant. This implies

“+oo “+o0o
§%) 2 u{za}) = ) p{z}) =
n=1 n=1

which is a contradiction. This proves the claim that x is preperiodic.

We now show that x is periodic. Since x is preperiodic, there exist m € Ny and n € N such that
[t (x) = f™(x). Denote y = f""(x). Then f"(y) = f*T"m(x) = f"(x) =y, i.e., y is a periodic
point of f. Since f"(z) = f""(y) = y and p is f-invariant, we have

p({y}) = p(f7"(y) = p({z} U {y}).

This implies = y since p({x}) > 0. Thus x is periodic.
Finally, we assume in addition that u is ergodic. Let n € N be the period of x. We set

Orb(z) = {f*(z) : ke No} = {f¥(z) : k € {0, ..., n — 1}}

and
x> = {x}U U R (x) U 7 (Orb(z
kEN k€No
Since x € f~"(z), we have

F ) = ({x} JU f"“(w)) — @ o | @)

keN keN

= U@ = U 4@ = o

kEN kEN
This 1mphes p(xz>) = 1 since p is ergodic and p(z>°) > p({z}) > 0. Since p is f-invariant, we have
p(f7%(Orb(z))) = p(Orb(z)) for all k € Np. On the other hand, Orb(z) C f~*(Orb(z)), and so
w(f~ (Orb(a:)) \ Or ( )) = 0. Thus we have p(z> \ Orb(z)) = 0. So p actually concentrates on
Orb(z).
It suffices to show that p({ f*(z)}) = 1/n for each k € {0, ..., n—1}. Indeed, since y is f-invariant

and f*(z) € f_l(fk+1(3:)), we have ,u({fkﬂ(x)}) = M(f_l(fk+1(a:))) > ,u({fk(x)}) This implies
p({z}) < p({fF@)}) < p{f (@)}) = p({z}).
Hence p({f*(2)}) = ,u({x 1/n for each k € {0, ..., n —1}.

The proof of statement ((iii) is complete. O
Now we can prove Lemma @

Proof of Lemma . Fix arbitrary ¢ > 0, £ € N, @ € C(S?)’, and ergodic f-invariant measure
p € P(S?). Tt suffices to show that for every sufficiently large n € N, there exists a non-empty subset
T" of X"(f,C) such that (@) and (@) hold. We split the proof into three cases according to the
properties of measure p. Recall the definition of £ in (.3).

Case 1: u(E*) =0.

Since p is f-invariant and pu(E*) = 0, by Lemma @ , X1(f,C) is a generator for (f,u), and
for each n € N the set X"(f,C) forms a measurable partition for (5%, u) and is equivalent to the
partition {§ where { = X!(f,C). Then one can use Birkhoff’s ergodic theorem and the Shannon-

McMillan—Breiman theorem to show that for every sufficiently large n € N, there exists a non-empty
subset T" of X"(f,C) such that (5.5) and (b.6) hold.

Case 2: (E*°) > 0 and p is non-atomic.

First note that x(E>) = 1 in this case since p is ergodic and f~1(E>) = E> (see (@)) Then it
follows from Lemma @ | that EL(f,C) is a generator for (f, u), and for each n € N the set E*(f,C)
forms a measurable par‘mtlon for (5%, 1) and is equivalent to the partition ny where n = E!(f,0).
Similar to Case 1, one can use Birkhoff’s ergodic theorem and the Shannon-McMillan—Breiman
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theorem to show that there exists N € N such that for each integer n > N, there exists a non-empty
subset S™ of E"(f,C) such that

(6.8) ’1 log card(S™) — hu(f)‘ <eg/2 and
n
(6.9) sup 1Sngé’(ac) - /gﬁ'd,u” <eg/2.
zelysn||

For each integer n > N, we set
T ={X" € X"(f,C) : " COX", e" € S"}.
Then by Proposition @ and Remark @, we have
card(S™)/ card(post f) < card(T") < 2card(S™).

Combining this with (@), we see that ) holds for every sufficiently large n € N. Noting that
G = (o1, ..., pr) € C(S?), by Lemma p.1|, we have
1 1

&ﬂ@—nﬂwW—w as 1o oo,
n n

sup sup
XneXn(f,C)z,ye X

Therefore, (@) implies that (@) holds for every sufficiently large n € N.
Case 8: u(E*>) > 0 and there exists p € S? such that u(p) > 0.

By Lemma @ , p is a periodic point of f and u = Vi(p), where k is the period of p. In
particular, we have h,(f) = 0. Fix arbitrary n € N. For each i € {1, ..., k — 1}, we choose an n-tile
X € X"(f,C) such that fi(p) € XI'. We denote by T" the set of those n-tiles. Then 1 < card(T") <
k. This implies (6.5) holds for every sufficiently large n_€ N. Since lim, 400 25,@(f(2)) =
k~'Sk@(p) = [Fdu for each i € {1, ..., k—1}, by Lemma f.1), (@) holds for every sufficiently large
n € N.

The proof is complete. O

Apart from Lemma we need the following lemma to construct strongly primitive subsystems
in the proof of Theorem [L.2.

Lemma 6.4. Let f, C, € satisfy the Assumptions in Section . We assume in addition that f(C) C C.
Consider £ € N and G = (¢1, ..., o) € C(S?)*. Let u € M(S?, f) be an ergodic measure. Then for
each € > 0, there exists an integer N € N such that for each integer n > N and each color ¢ € {b, 1w},
there exists an n-pair P € P*(f,C,e°) such that P C inte(XcO) and

1. . .
—Snp(x) — /w dp

n

sup
zeP"

’ée.

Proof. Let € > 0 be arbitrary. Since p is ergodic, it follows from Birkhoff’s ergodic theorem that for
p-a.e. v €S2, %Sn@'(az) — [@du as n — +o0o. Thus we can fix a point y € S? and an integer ng € N
such that for each integer n > ng,

1., . -
(6.10) st~ [0 <

By Lemma , there exists an integer M € N such that for each color ¢ € {b,w}, there exists
an M-pair PM ¢ PM(f C,e% such that for each integer n > M and each z € PM, we have
U™(z) C inte(X?).

We fix such an integer M € N and the corresponding M-pairs PbM and PM in the following.

Let color ¢ € {b,w} and integer n > M + ng be arbitrary. Since n — M > ng, by (), we have

1
n—M

| ™

Sn-mB(y) — /cﬁduH <

DO ™
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Since fM(PM) = %) there exists . € PM such that f(x,) = y. Then we have

1 . - 1 5 1 - -
—Sn@(xc) —/sodu SM@(wc)JrSnMsO(y)—/soduH
n n n

1 1 1 1
< = ||Sudll + | = — Sn—M@ Sn—mPly) — [ gd
O T R P YRy £
< gl + %
STy Wy

By Definition , there exists an n-pair P € P"(f,C, %) containing x.. Noting that z. € PM and
n > M , by Lemma , we get U™ (xz) C inte(X?). Thus it follows from the definition of U™ ()
and PP that z. € P C U™(z.) C inte(X{). Then we have

1. . o 1., . 1., .
Snw(x)—/cpdu‘ fSnso(w)—g nB(xc)

n

sup
rEP

< sup
zeP?

2D, (pF) 2M . ¢
<=+ —Igl + 5
n n 2

n

1. .
+ HSnsO(wc) - /soduH
n

Therefore, by Lemma @, we can find a sufficiently large integer NV € N such that for each integer
n > N and each color ¢ € {b, v}, there exists an n-pair P* € P"(f,C,e") such that P" C inte(X?)
and
sup
reP"
The proof is complete. O

1
n&ﬂ@—/&@”<a

The following result shows that in order to prove Theorem @, it suffices to prove entropy density
of ergodic measures for some iterate of the map f.

Proposition 6.5. Let (X,d) be a compact metric space and T: X — X be a continuous map.
Consider arbitrary n € N. Then Meg(X,T) is entropy-dense in M(X,T) if and only if Meg(X,T")
is entropy-dense in M(X,T™).

Proof. Fix arbitrary n € N. Since T™ itself is also a continuous map from X to X, it suffices to
prove the “if” part. We assume that for each v € M(X,T"), there exists a sequence {vy }ren of T7-
invariant ergodic measures of 7" that converges to v in the weak*-topology with h,, (T") — h,(T™)
as k — +oo.

Let p € M(X,T) be arbitrary. Since p € M(X,T) C M(X,T"), there exists a sequence {v }ken
of T"-invariant ergodic measures of 7™ that converges to p in the weak*-topology with h,, (T") —
hu(T™) as k — +o00. For each k € N, we define

1n71
= — Ty
n n; 7

Then it follows from Lemma @ that p, € M(X,T) is ergodic for T' and nhy, (T') = h,, (T™). This
implies hy, (T') — h,(T) as k — +o0o. Noting that the sequence {j4}ren also converges to p in the
weak*-topology, the proof is complete. O

After these preparations, we are ready to prove the main result of this section.

Proof of Theorem . By Proposition @, it suffices to prove that Mo (5?2, f?) is entropy-dense in
M(S?, f%) for some i € N. Hence by Lemma B.7, we may assume without loss of generality that
there exists a Jordan curve C C S? containing post f such that f(C) C C.

Let € M(S2,f), e >0,¢€N,and @ = (¢1, ..., @r) € C(S?)* be arbitrary. By the definition
of entropy density (see Subsection @), it suffices to find an ergodic measure v € Meg(S?, f) such
that || [Fdv — [Fdu|| < e and |h,(f) — hu(f)| <e.

By virtue of the Choquet representation theorem (see for example, [KH95, Theorem A.2.10]) and
Jacobs’ Theorem (see for example, [Wal82, Theorem 8.4]), for every neighborhood I of y in M(S?, f)
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and every 0 > 0 there exist s € N and ergodic measures p1, ..., s and p1, ..., ps € (0,1) such that
p1+---+ps =1, and the measure fi := pyp1+-- -+ psps belongs to I' and satisfies |hz(f) —hu(f)] < 6.
Hence, we may assume without loss of generality that p is a convex combination of finitely many
ergodic measures, i.e.,

(6.11) [=prpa+ - pspls

with s € N, p1, ..., fts € Mexg(S?, ), p1, -y ps € (0,1), and py + -+ + ps = 1. N
We fix a 0-edge e € EY(f,C). By Lemmas é and 6.4, for each i € {1, ..., s}, there exists N; € N
such that for each integer n; > N;, there exists a non-empty subset T of X™i(f,C) such that

1 _
(6.12) — log card (T™) — hm(f)' < Z and
ni
1
(6.13) sup ||—Sp,@(x) — /@duz’ < s,
zelTmill T 6

and for each color ¢ € {b,w}, there exists an ns-pair P € P"(f,C,e°) such that P" C inte(X?)
and

1 . . €
(6.14) sup ||—Sn,@(x) — /(pd,ui < -
ccpPill T 6
Fix arbitrary i € {1, ..., s}. For each ¢ € {b,1w} we can write P\ = X" U Xqi for some X €
Xyi(f,C) and Xgi € X' (f,C). Note that by Proposition , for each X™ € X"i(f,C) there

exists exactly one n;-edge €™ C 9X™ such that f"(e") = €. Then by Remark .3, there exist

exactly two n;-tiles in X" (f,C) containing €™, one of which is X™ itself, and we denote by X

the other. Indeed, X™ U X"™ is an ns-pair in P™(f,C,e"). Now we construct a new subset T™ of
X"i(f,C) from the old one T™ by setting

T T U (R X e T UG} (X U X U X
Then |J T™ is actually a union of some pairs in P™(f,C,e") and we have
card(’i‘”i) < card(T™) < QCard(’i‘”i) +4.
Moreover, it follows from (), (), and the structure of pairs that

L, . 3 2D,.(¢

<€
\6 n;

sup
zelJ T

Therefore, by () and Lemma EI, we can find a sufficiently large integer N; € N such that for
each integer n; > N;, there exists a non-empty subset T™ of X" (f,C) such that

1
(6.15) — log card(T") — hm(f)' < % and
1
(6.16) sup || —Sp,&(x) —/gBd,ui < =
er T ’I’Li 3

Moreover, we have card(T™ N Xy (f,C)) = card(T™ NXy/(f,C)), and for each pair of ¢, ¢’ € {b, w}
there exists X[y € T™ such that f™ (X[) = X2 and X! C X0. In the rest of the proof for each
i €{l,...,s} we fix an integer n; > N; and a corresponding non-empty subset T™ of X" (f,C)
obtained from the above construction.

We now introduce some notions that will be used in the rest of the proof. Let n € N and
X" € X"(f,C) be arbitrary. Set Y,,—; == f7(X™) for each j € {0, ..., n—1}. We label the 1-tiles by
Xi .., X%degf. Then by Proposition @, for each j € {0, ..., n — 1}, there exists a unique integer
t;j € {1,..., 2deg f} such that Y,,_; C thj. We denote by w(X™) the n-string tot; - - - t,—1 and by
[w(X™)] the n-tile X™.
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Let k € Nand Y* € X¥(f,C) be arbitrary. If Y* C f7(X™), then it follows from Proposition B.J
and [BM17, Lemma 5.17 (i)] that Z"*F = (f”|Xn%Yk) € X”H‘C%). One can check that
w(Z™*) = w(X™)w(Y*) in this case. By Definition and Remark , there exists a constant
N € N such that for each pair of ¢, ¢ € {b, 1}, there exists X% € XN (f,C) satisfying X% C X9. We
define Ao = w(X2) for each pair of ¢, ¢ € {b,w}. Then [A\«] = X for each pair of ¢, ¢ € {b,w}.
If f7(X") = X2 and Y* C X0 for some ¢, ¢ € {b,10}, we define \(X",Y*) := A. One can
check that there exists Z"T*N ¢ XN (f C) such that w(Z" V) = w(X")A(X"™, YF)w(YF),
ZnHkEN C X7 and N (Zn RN = YR

For each i € {1, ..., s}, let r; € N be arbitrary. Denote by M; the integer n;r; + N(r; — 1) and by
T™" the non-empty subset of XMi(f,C) consisting of M;-tiles of the form
(6.17) [w(X1)A(X1, X2)w(X2) M X2, X3)w(X3) - - M Xp,—1, X, )w(X5,)]
with Xy, ..., X, € T". Denote by R the integer sN + ijl n;r; and by T the non-empty subset
of XT(f,C) consisting of R-tiles of the form

(6.18) [w(Y)A(YE, Ya)w(Va)A(Va, Ya)u(Ya) -+ A(Vs_1, Ya)w(Yo)A(Ya, Y1)]
with Y; € T™" for each j € {1, ..., s}. Note that

(6.19) card(T) = H(card(T"j))”.
j=1

Enlarging each n; if necessary, it is possible to choose integers r; such that the following holds:

log2 e
6.20 g Py
(6.20) 7 <6
> = n;r; g
(6.21) 5 (htr+| [ ) or- 2| < 5 ana
i=1
R i—1 ovefbw} e[ /] 3
By our construction of T and T" for i € {1, ..., s}, we have
(6.23) card (T NX{(f,C)) = card (T NX[(f,C)) = card(T)/2

and fR|UT is a strongly primitive subsystem of ff with respect to C. We set F := fR’UT and
F = Flg = fB|q, where Q := Q(F,C) is the tile maximal invariant set associated with F with
respect to C. Then it follows from Theorem that there exists v € M(Q, ﬁ) - M(S2, fR) such
that kg (f7) = hy(F) = P(F,0) = hiop(F') (recall Definition ) and 7 is ergodic for F.. Define
1 R-1 i

(6.24) vi= ;) fiv.
Noting that 7 is also ergodic for ff and then applying Lemma @, we deduce that v € M(S?, f) is
ergodic for f and Rh,(f) = ho(f%) = hiop(F).

We now calculate h,(f). By Definition and Proposition , we have hiop(F) = log(p(4)),

where A is_the tile matrix of F with respect to C and p(A) is the spectral radius of A. Recall from
Definition and Remark that

N, N,
A — A T) = ot bm] ,
(T) [Nmb Np
where N = card({X T: X € XE(f,C), X C X01) for each pair of ¢, ¢ € {b,tw}. In particular,
since f(C) C C, by (@) and Proposition (i), one has Neg + New = card(T)/2 for each
¢ € {b,w}. Then by some elementary calculations in linear algebra we obtain p(A) = card(T)/2.
Hence hiop(F') = log(card(T)/2) and h,(f) = (1/R)log(card(T)/2).
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y (6.11), (5.19), (6.19), (5.2d), and (5.21)), we have

1 2
() = ho(£)] < =5 B, — i log(card (7))
log2 i b (f R n i niT; s — i log(card(Tnj))‘
R i=0 R T
log 2 - nm
< R + zz:% h/»"z(f) Pi — Z n;r;
cELE. €
~6 3 2
=¢

Recall that R = sN + > ;_; n;7; and each tile X® in T has the form in (), ie.,
XR = [w(YD)A(V1, Y2)w(Ya)A(Va, Ya)w(Ys) - - A(Vo1, Yo)w(Ya)A(Ya, Yos1)

with Y11 = Y7 and Y; € T™" for each i € {1,....s}. Here T""i is a non-empty subset of
XMi(f C) with M; = nyr; + Nr; — N. By (Elﬂ) and (p.16), for each i € {1, ..., s},

sup
z€[w(Yi)A(Y:,Yiq1)]

Su+nP(x) — Rp; /fdﬂvz

n;r;

< sup
z€[w(Yi)A(Y;,Yi41)]

‘/‘ﬁd/ﬁi
‘/ﬁdui :

Summing this over all i € {1, ..., s}, dividing the result by R, and then using ( B I and (E i ) yield

R&ﬂm—/@m

Su+NG(x) — ngr; /SBsz‘

n;Tq

€
< -ngri+r; sup  sup HSNgo ‘
3 o,c/e{b,w} zeA ]

sup =€

zeXER

for each X® € T. This implies that

1., .
RSW(J?)—/wduH < sup
zeJ T

<f,.8.¢
=3 3 3

sup
€

Note that supp v C Q. Then it follows from () that

1
’/¢®—/¢MM=”Rf%¢@’/¢@H<E

This shows that the ergodic measure v fulfills our requirements (see the beginning of the proof) and
completes the proof. O

;%ﬂm—/ﬁwuse

7. LARGE DEVIATION PRINCIPLES

7.1. Level-2 large deviation principles. In this subsection we review some basic concepts and
results from large deviation theory. We refer the reader to [DZ09, Ell12, RAS15] for a systematic
and detailed introduction.

Let {&,}nen be a sequence of Borel probability measures on a Hausdorff topological space X. We
say that {&,}nen satisfies a large deviation principle in X if there exists a lower semi-continuous
function I: X — [0, 4+00] such that

1
(7.1) liminf —log&,(G) > —inf [ for all open G C X,
n—+oo N g
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and
1
(7.2) limsup —log &, (K) < —inf for all closed K C X,
n—+oo N K
where log0 = —oo and inf ) = +o0o by convention. Such a function I is called a rate function, and

we say that I is a good rate function if the set {z € X : I(x) < a} is compact for every a € [0, 400).
If X is regular, then the rate function I is unique.
A Borel set A C X is called a I-continuity set if

inf{I(z): z € int(A)} = inf{I(z) : z € A}.
When (@) and (@) hold then for each I-continuity set A C X the limit lim, ;o n "' log&,(A)
exists and satisfies

(7.3) lim —log&n( ) = —iﬁf],

n—+oo n

and we can replace A by either its interior or its closure. When only (@) (resp. (@)) is satisfied,
we say that the large deviation lower (resp. upper) bounds hold with the function I.

We call = € X a minimizer if I(z) = 0 holds. The set of minimizers is a closed set. For a
closed subset IC of X that is disjoint from the set of minimizers, the large deviation principle ensures
that &,(K) decays exponentially as n — 4o00. If moreover I is a good rate function, the support
of any accumulation point of {&,},cn is contained in the set of minimizers. Hence, it is important
to determine the set of minimizers. The non-uniqueness of minimizers is referred to as a phase
transition. The uniqueness of minimizers implies several strong conclusions.

The following contraction principle shows that the large deviation principle transfers nicely through
continuous functions.

Theorem 7.1 (Contraction principle [DZ09, Theorem 4.2.1]). Let X and Y be Hausdorff topological
spaces, and let g: X — Y be a continuous map. Consider a sequence {&, tnen of Borel probability
measures on X that satisfies a large deviation principle in X with a good rate function I: X — [0, 4+00].
For each y € Y, define

J(y) =inf{l(z):x € X, y = g(x)}.
Then J is a good rate function on ), and the sequence {g«(&,) }nen satisfies a large deviation principle
in Y with the rate function J:Y — [0, +0o0].
The above notations will be applied with X = P(X) (for some compact metric space X), Y = R,

and g = 9 for some ¢ € C(X), where ¢ is the evaluation map on P(X) (i.c., (u) = J¢du). In this
context, the large deviation principles in P(X), are usually referred to as “level-2”, and the ones in
R (in particular those obtained by contraction) as “level-1".

7.2. Uniqueness of the minimizer. In this subsection, we prove that p4 is the unique minimizer
of the rate function I, defined in (@) Recall that we call u € P(S?) a minimizer of I, if I5(u) = 0.

Definition 7.2. Let X and X be topological spaces, and T: X — X and T: X — X be continuous
maps. We say that T is a factor (or topological factor) of T if there exists a surjective continuous
map 7: X — X such that 7o T =T o 7. Such a map 7 is called a semi-conjugacy.

For an expanding Thurston map, by the results in [DPTUZ21|], we have the following proposition,
which gives a semi-conjugacy with the one-sided shift map.

Proposition 7.3. Let f and d satisfy the Assumptions in Section . Let o: 3 — 3 be the one-sided
shift map on deg f symbols. Then there exists a semi-conjugacy w: ¥ — S? with moo = fom
satisfying the following properties:
(i) For each Hélder continuous function ¢: S* — R with respect to the metric d, the function
gpom: X — R is Holder continuous with respect to the standard metric on 3.
(ii) For each Hélder continuous function ¢: S?> — R with respect to the metric d, P(f,¢) =
P(o,pom).
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(iii) Let p € M(X,0) be an equilibrium state for the map o and the potential ¢ o w. Denote
p = myfi. Then h,(f) = hg(o).

Recall that the standard metric on the shift space ¥ is given by p(§,n) = o~ min{i€No:&i#ni} fo-
distinct sequences £ = {&; }ien, and 7 = {n; }ien, in X.

Proposition follows immediately from [DPTUZ21, Lemmma 5.4]. Proposition E and
was established in the proof of [DPTUZ21, Proposition 5.5].

The following lemma shows that one can “lift” invariant measures by a semi-conjugacy, whose
proof is verbatim the same as that of [DPTUZ21|, Lemma 4.1].

Lemma 7.4. Let X and X be compact metrizable topological spaces, andT': X — X and T: X - X
be continuous maps. Suppose that T' is a factor of T and m: T — T is a semi-conjugacy with
moT =T omw. Then for each p € M(X,T), there exists p € M(X,T) such that . = p.

We now prove the uniqueness of the minimizer.

Theorem 7.5. Let f, d, ¢, g satisfy the Assumptions in Section . Then g is the unique minimizer
of the rate function Iy defined in (]L.4).

Proof. 1t follows immediately from (@) and (@) that Iy(png) = 0, ie., pg is a minimizer of Iy. It
suffices to show the uniqueness.

Suppose that p. € P(5?) is a minimizer of Iy, i.e., I(us) = 0. Then by (@) and (@), there
exists a sequence {p,}neny of f-invariant Borel probability measures that converges to p. in the
weak*-topology with Fy(p,) — 0 as n —_4o0o. In particular, this implies u. € M(S?, f) and
limy, 400 hun(f) :P(f7¢)_f52 ¢ dpw. by ([L.5).

Let 0: ¥ — X be the one-sided shift map on_deg f symbols and 7: ¥ — S? be the semi-conjugacy
given by Proposition . Then by Lemma , there exists a sequence {fi,}nen of o-invariant
Borel probability measures on ¥ such that m.ji, = u, for each n € N. Since the space M(%,0) is
sequentially compact (in the weak*-topology), the sequence {fiy, }ren has a convergent subsequence.
Without loss of generality we may assume that the sequence {fiy, }nen itself converges to i, € M(X, 0)
in the weak*-topology. Then we have p, = mu/in i Tsflx a8 n — 400. This implies Tifix = L«
since iy, w—> Ly @S 1 — +00.

We now show that pi, is an equilibrium state for the shift map o and the potential ¢ o w. Since
Tells = s, We have fSQ odu, = fz ¢ o mdp,. Noting that for each n € N, the dynamical system
(52, f, 1) is a factor of (¥,0,1,), we have hy, (f) < hg, (o) (see for example, [KH95, Proposi-
tion 4.3.16 (1)]). For the shift map o, it is a classical result that the entropy map of ¢ is upper semi-
continuous (see for example, [Wal82, Theorem 8.2]). This implies hy, (o) > limsup,, , hj,(0) =
limsup,, ., o Ay, (f). Hence by the Variational principle, we have

P(o,pom) > hﬁ*(a)—i—/E(bowdﬁ* >limsuphun(f)+/32¢du*.

n—-+4o0o

Since limy s 4 o0 by, (f) = P(f, ¢) — [g2 @ dps (see the beginning of the proof), we deduce that

Plo.bom) 2 (o) + [ pomdfi. > P(£.0)

By Proposition @ , P(f,¢) = P(o,¢ o). Thus, [, is an equilibrium state for the shift map o
and the potential ¢ o 7.

Finally, since p, = m.jisx and g, is an equilibrium state for the shift map o and the potential ¢ o,
it follows from Proposition @ that hy, (f) = hg, (o). Therefore, we have

() + [ od = b () + [ omdi = Plosgom) = P(£.0)

i.e., py is an equilibrium state for the map f and the potential ¢. This implies ps = pg by the
uniqueness of the equilibrium state (see Theorem . The proof is complete. O
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7.3. Characterizations of topological pressures. In this subsection, we characterize the topo-
logical pressure in terms of periodic points and iterated preimages.

Lemma 7.6. Let f and C satisfy the Assumptions in Section . Let ny € N be the constant from
Definition , which depends only on f and C. Consider arbitrary integer m > ny, integer n € Ny,
point x € S?, and n-tile X™ € X"(f,C). Then the following statements hold:

(i) If X™ C X0 for some ¢ € {b,w}, then there exists a fived point of f**™ in inte(X™).

(ii) There exists a preimage of x under f*™™ in inte(X").

Proof. Let integer m > ng, n_€ Ny, and X" € X"(f,C) be arbitrary. Since f € Sub(f,C) is
strongly primitive, by Lemma , for each ¢’ € {b, 1w} there exists XZ}J”” € XZ‘,"’m( f,C) such that
X C inte(X™).

Suppose that X™ C X0 for some ¢ € {b,tv}. By Proposition , f”+m|XCn+m is a home-
omorphism of X onto X?. Note that X™*t™ C inte(X") C X?. Then by applying Brouwer’s
Fixed Point Theorem (see for example, [Hat02, Theorem 1.9]) to the inverse of ™™ restricted to
Xrtm we get a fixed point # € X C inte(X™) of fmtm™.

Since X PMUXpT™ C inte(X™), it follows from Proposition @ that z € §? = frrm( XU
frrm(Xgt™) C ftm(inte(X™)). This implies that there exists y € f~""™(z) such that y €
inte(X™). O

We recall the following characterizations of topological pressure in terms of periodic points and
iterated preimages (see [Lil5, Propositions 6.8 and 6.7], respectively).

Proposition 7.7 (Z. Li [Lil5]). Let f, d, ¢ satisfy the Assumptions in Section . Fix an arbitrary
sequence {wy, hnen of real-valued functions on S? satisfying wy(z) € [1, deg ¢n (x)] for eachn € N and
each v € S*. Then

P(f,¢) = lm “log 3 wnlr)exp(Su(x)).

n—+oo N
z€Pery, (f)

Proposition 7.8 (Z. Li [Lil5]). Let f, d, ¢ satisfy the Assumptions in Section . Then for each
sequence {n tnen in S?, we have

P(f,¢) = lim llog > dega(y) exp(Sne(y)).

n—+oo N
yef~"(zn)

If we also assume that f has no periodic critical points, then for an arbitrary sequence {wy}nen of
real-valued functions on S? satisfying w,(z) € [1,degfn (az)} for each n € N and each x € S?, we
have

P(f,)= lim Slog 3 waly)exp(Sud(v).

n—-+o0o N
yef~"(xn)

We now prove a generalization of Proposition @ by removing the assumption on periodic critical
points.

Proposition 7.9. Let f, d, ¢ satisfy the Assumptions in Section . Fiz an arbitrary sequence
{wnnen of real-valued functions on S? satisfying wy(x) € [l,degfn (z)] for each n € N and each
x € 82. Then for each sequence {xp}nen in S%, we have

P(f,9)= lim Slog 3 wa(y)exp(Sud(y).

n—+oo n
yefin(xn)
Proof. By Proposition @, it suffices to show that
1 1
4 lim — deg rn n < liminf — m®d(Y)).
(7.4) Jim = 0 degpn(y) exp(Snd)(y) < liminf — Y T exp(Smé(®))

yef~"(xn) gef=m(xm)
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We fix a Jordan curve C C S? that satisfies the Assumptions in Section @ Suppose that ¢ €
C9%8(82,d) is a real-valued Holder continuous function with exponent S € (0, 1].

Let N :=n; € N be the constant from Definition B.20. which depends only on f and C. For each
n € N and each X" € X"(f,C), it follows from Lemma 7. that there exists a preimage of x,+ N
under f"*V in inte(X™). We fix a preimage of of x,, y under f**V in inte(X") and denote it by
7(X™). Then for each n € N, the map X" ~— 7(X™) from X"(f,C) to f~" N (z,,n) is injective.

For each n_€ N and each y € f™"(x,), let X"(y) € X"(f,C) be an n-tile that contains y. By
Proposition @ , for each n € N and each X™ € X"(f,C), f"|xn is a homeomorphism of X"
onto f(X™). This implies that for each integer n € N, the map y — y(X"(y)) from f~"(x,) to
f N (2,4 n) is injective, where H(X"(y)) € inte(X"(y)).

Let n € N be arbitrary. Consider ¥’ € f~"(z,,) N V"™, where V" = V™(f,C) is the set of n-vertices.
We set X"(f,C,y) = {X € X"(f,C) : ¥ € X}. By Remark @, we have W (y/) = UX"(f,C,¥)
and card(X"(f,C,y')) = 2degn(y'), where W"(y') is defined in (@) and W"(y/) is the closure of
W™(y'). Note that X™(y) ¢ X"(f,C,y) for every y € f~"(x,) \ V(f,C).

We now establish (ﬁ) By the arguments above, for each integer n € N, we have

Y. degpn(y) exp(Sad(y))

yef~"(zn)
< Y degm (W) exp(Sud(W)) + D> exp(Suo(y))
Yy EfT(wn)NVT yef~(zn)\V"
< Z Z eDn(9)+Snd(G(X™)) + Z eDn(0)+Sno(H(X" (v)))
y'ef T (zn)NVE XeX(f,C,y") yef~"(zn)\ V™

<ePr@ N exp(Sn6())

gef~"N(znyN)
gef—rN(zniN)

Then by Lemma @, we get

1 Cc 1 ~
~log ) degp(y)exp(Sno(y)) < —+—log Y exp(Snd(7),
yef " (xn) gef " N(zniN)
where C' = N||¢||oo + C1(diamg(S?))? and C; > 0 is the constant defined in () in Lemma @
and depends only on f, C, d, ¢, and 3. Letting n — 400 yields the desired inequality. O

7.4. Large deviation lower bound. This subsection is devoted to the proof of the lower bound
(@) for all open sets, with the main result being Proposition @ In Section we show that
the proof of the lower bound can be reduced to the case where the invariant measure in question
is ergodic. In Section @ we prove lower bounds for certain fundamental open subsets of P(5?),
where we apply Lemma 6.9 to approximate each ergodic measure with a collection of tiles. Finally,
in Section [7.4.3 we establish Proposition [7.10.

Proposition 7.10. Let f, d, ¢ satisfy the Assumptions in Section . Then for each sequence
{&}nen € {{En}neN, {0} nen, {Qn(xn)}neN} (as defined in Theorem ), we have

1
liminf —log £,(G) > — igf I, for all open G C P(S?),

n—+oo n

where Iy: P(S?) — [0, +00] is defined in (@)

7.4.1. Reduction to ergodic measures. A weaker property related to entropy density (defined in Sub-
section @) is entropy approachablility (see Definition [7.11]). Entropy approachablility is a useful
property in theories such as multifractal analysis and large deviations in which all invariant measures
come into play, in order to reduce one’s consideration to ergodic measures only.
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Definition 7.11. Let (X, d) be a compact metric space and T: X — X be a continuous map. We
say that a measure p € M(S?, f) is entropy-approachable by ergodic measures if for each ¢ > 0 and
each weak*-open set U containing p there exists an ergodic measure v € U N M(X,T) such that
hy(T) > hy(T) — €.

Remark 7.12. It is clear that if ergodic measures are entropy-dense, then any invariant measure is
entropy-approachable by ergodic measures. One sees that these two notions are equivalent when the
entropy map is upper semi-continuous.

It follows immediately from Theorem @ and Remark that for expanding Thurston maps,
any invariant measure is entropy-approachable by ergodic measures.

Corollary 7.13. For an expanding Thurston map f: S? — S?, any invariant measure u € M(S?, f)
is entropy-approachable by ergodic measures.

Remark 7.14. For a continuous map 7': X — X on a compact metric space (X, d), it is known that
if T has the specification property in the sense of K. Sigmund (see the definition in [Sig74, Section 2]),
then any invariant measure is entropy-approachable by ergodic measures (see for example, [EKW94]
and [PS05, Theorem 2.1]). In particular, this result applies to expanding Thurston maps since every
expanding Thurston map has the specification property (see the proof of [LZ24, Lemma 6.5]).

7.4.2. Lower bound for fundamental open sets. We use the notations as introduced in the beginning
of Section f.

We first prove the following result under the additional assumption that there exists an f-invariant
Jordan curve C C S? with post f C C and then for the general case.

Proposition 7.15. Let f, d, ¢, B satisfy the Assumptions in Section . Consider ¢ € N, g € C(S?)!,
and @ € RY. Let G C P(S?) be an open set of the form

G = {u € P(5?) : /nﬁd,u > a}.

Then for each i € G and each sequence {&n}nen € {{Zn}nen, {0 tnen, {Qn(zn) nen} (as defined in
Theorem ), we have
1
liminf = log &,(G) > Fy(u),
lim inf —log £ () > Fi (k)

where Fy: P(S%) — [—00,0] is defined in (@)

Proof of Proposition under an additional assumption. We assume in addition that there exists
an f-invariant Jordan curve C C S? with post f C C.

Let 1 € G be arbitrary. We may assume without loss of generality that p € M(S?, f) since
Fy(u) = —oo when p ¢ M(S?, f). Moreover, by virtue of Corollary and the definition of Fy,
we may assume that p is ergodic.

Let € > 0 be such that

(7.5) /gﬁd,u>o7+5.

By Lemma @, there exists ng € N such that for each integer n > ng, there exists a non-empty
subset T" of X"(f,C) such that

1

(7.6) ‘nlogcard(T") —hu(f)] < %,
1 . N e

(7.7) sup ||—=S,B(z) — /cpdu‘ < o, and
erTn n 2
1 €
(78) sup |1 8,0(e) — [6du] < 5.
LL’EUTW’ n 2

We split the rest of the proof into three cases according to the type of the sequence {&, }nen.
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Case 1 (Birkhoff averages): &, = X, = (Vi,)«(pg) for each n € N (recall (@))
For each integer n > ny, (@) and (@) yield

(7.9) {Vn(m) Lz € UT”} cg.

Recall from Proposition that pg is a Gibbs measure with respect to f, C, and ¢, with the
constants P,, = P(f,¢) and C),, > 1. Then for each integer n > ng and each X" € T", it follows
from () in Proposition B.11 and (@) that

zeX

pp(X™) > C;¢1e_"P(f’¢) inf exp(Spé(z)) > C/:;e_”P(f’@ exp (n (/qb dp — ;))
Summing this inequality over all X" € T" and applying (@), Theorem , and (@), we have
1 1
~log%(G) = —log pig({z € §7: Va(w) € G1)

1
> oz (U T")
nogu¢>U

1
> ( T inf g, (X" )
~log card( )xiréTn g (X™)

>hf) - 5+ [odu=5 - P(f,6) - 1 1ogC,,

1
= Fy(p) —e— ElogC’W).

Letting n — 400 and then ¢ — 0 yields the desired inequality.
Case 2 (Periodic points): &, = S, for each n € N (recall (@))

By Proposition @ and Lemma @ , there exists a constant NV € N depending only on f and C
such that for each n € Ny and each X™ € X"(f,C), there exists a fixed point of f"* in inte(X").
For each n € Ny and each X" € X"(f,C), let p(X™) be a fixed point of f*** in inte(X™). Then the
map X" — p(X") from X"(f,C) to Perp;n(f) is injective.

By (@) and (E), for each integer n > ng and each = € |JT", we have

- - - L, € - L € - .
Sntn@(z) 2 Snfl@) = NlIg| > nd + gn = N|@| > (n+ N)d + 5n = N([|8] + [|al).

This implies that for each sufficiently large n € N and each z € [JT", (n+ N) 1S, n@(x) > @, i.e.,
Voin(z) € G. Therefore, it follows from ([7.6) and ([f.§) that for each sufficiently large n € N,

Y. wen () ep(Sund(p) = Y ep(Sund(p(X™)))

pEPer,, 4+ n(f) XneTm

(7 10) Vn+N(p)€g

> card(T") inf exp(S,¢(z))exp(—N|d|lc)
el T

> exp(Fy(p)n + P(f, ¢)n —en — N||¢||oo),

where {w;}jen is an arbitrary sequence of real-valued functions on 5% with w;(z) € [1,degy;(x)] for
each j € N and each x € S?. By (@), for each n € N,

1
log Q. (G) = —— - log IEPZ . wny N (P') exp(Snoé(p))
P CIn4+ N

log Y wayn(p) exp(Snine(p)).

pEPery N (f)

+N

+

n+ N
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Note that as n — 400, the first term of the right hand side in the equation above converges to
—P(f,®) by Proposition @ Combining this with (l/lO), we get

1
lim 1nf —log ©2,(G) = liminf N log Q4N (G) = Fyp(p) —e.

n—+oo N n—+oo 1 +
Then by letting € — 0, the desired inequality follows.

Case 3 (Iterated preimages): &, = Qpn(x,) for each n € N (recall (B)), where {z,}nen is an
arbitrary sequence of points in S2.

By Lemma @ , there exists a constant NV € N depending only on f and C such that for each
n € Ny and each X" € X"(f,C), there exists + € f~" ¥ (z,,n) such that x € inte(X"). For
each n € Ny and each X" € X"(f,C), let zx» be a preimage point of 2,y under f**~ such that
zxn € inte(X™). Then the map X" + xxn from X"(f,C) to f~"N(x,, y) is injective.

By the same reasoning as in Case 2, we_have V. n(2) € G for each sufficiently large n € N and
each x € [JT". Similarly, it follows from (@) and (é) that for each sufficiently large n € N,

> Wi N (y) eXp(Spind(y)) = Y exp(Snynd(xn))
yef " N(@pyn) XneTn

(711) Vn+N(p)6g

= card(T") inf exp(Sne(z)) exp(=N[¢l|oo)
fAS n
> exp(Fy(u)n + P(f, ¢)n —en — N||¢]|0),
where {w;};en is an arbitrary sequence of real-valued functions on S? with w;(z) € [1, deg fi (z)] for
each j € N and each z € S2. By (B), for each n € N|

- i I log Z Wy N (2) exp(Snd(2))

zefiniN(xnvLN)

1
+ log Z Wit N (Y) exp(Snend(y)).
n+ N
yef " N(znyN)

Ve N (p)eg

. log Qi N (Znin)(G) =

Note that as n — 400, the first term of the right hand side in the equation above converges to
—P(f,¢) by Proposition @ Combining this with (E.lll), we get

1 |
lim inf ~ log 2 (2)(G) = liminf ———10g Qnyn (20+3)(G) > Fo(p) — e

Then by letting ¢ — 0, the desired inequality follows.
The proof is complete. O
We now prove the general case.
Proof of Proposition . Let 4 € G be arbitrary. We may assume without loss of generality that
p € M(S? f) since Fy(u) = —oo when u ¢ M(S?, f).
By Lemma B.7, we can find a sufficiently high iterate f & of f that has an f invariant Jordan

curve C C S? with post f post f C C. Then f is also an expanding Thurston map.
Denote & := S4.7 and ¢ = 5{(¢. We define F;: P(52) — [~00,0] by

A N+ [odv = P(f.6) if v e M(S2]);
F(g(l/) = . 2 9 A
—00 if v e P(S?)\ M(S%, f).
Note that P(f, qg) = KP(f, o), h#(f) = Kh,(f), and f(bd,u K [¢du (see Subsection @ Then
we have ﬁa(,u) = KFy(u) since p € M(S?, f) C /\/l(S2 f). Let fi fiz be the unique equilibrium state

for the map f and the potential ¢. Since P%(f, ¢) = KP,,(f,¢) = KP(f,¢) = P(J?7 4/5), it follows
from the uniqueness of the equilibrium state that ﬁg) = 1.



38 ZHIQIANG LI AND XIANGHUI SHI

Let ¢ > 0 be such that [@du > d+¢. This implies [®dy = K [Fdu > Kd+Ke. Let G. C P(S?)
be the open set defined by

@::{yeww%;/ému>K&+kz}

Then we have p € Q\s.
We split the proof into three cases according to the type of the sequence {&, } en-

Case 1 (Birkhoff averages): &, = X, = (Vy,)«(pg) for each n € N (recall (EI))

For each integer k € {0, ..., K — 1} and each integer m € N that satisfies (||@]| + [|F]|)/m < &, we
have

{zes?: Snf1K+kg5'(a:) > (mK +k)a} 2 {ze S Ktp(
2 {37 €5*: K‘P(
D{ze S? . m~1ss

(mK + k) + k|| 3|}
>mKa+ K(||dl| + |8]) }

) >
z)
®(z) > Kd + Ke}.

For each n € N, we set m = |n/K | and write n = mK + k for some integer k € {0, ..., K — 1}.
Then for each sufficiently large n € N, we have

log £,(G) = log g ({z € S*: ST 3(x) > na}) > 10gﬂ$({:ﬂ €5 m_lS/fL(I;(x) > Ka+ Ke})
=108 £, (G:) > ——10g (),

where {E } is defined by replacing f with fand ¢ with gg in the definition of {¥;};en. Since f
has an f invariant Jordan curve C C S? with post f cc, Proposmon - holds for f Therefore,

el r. . .1 S A 1
liminf — log ¥,,(G) > 174 liminf — log ¥,,,(Ge) > % $(u) = Fy(p).

n—+oo N m—+oo m

Case 2 (Periodic points): &, = Qy, for each n € N (recall (@))

For each m € N, it follows from Proposition @ that X™(f,C) = X™K(f,C). Since f(C) C C
by Proposition @ and Lemma there exists a constant N € N depending only on f and C
such that for each integer £ > N, each m € N, and each X™& € X™K(f (), there exists a fixed point
of fE+ in inte(X™K).

For each m € N, each k € {0, . — 1}, and each p € Perp,(f), let X™K(p) € X™K(f,C) be
an mK-tile that contains p and let p(k D) be a fixed point of me+k+N in inte(X™¥(p)). By [Lil5,
Lemma 6.3], there exists Ny € N such that for each integer n > Ny and each n-tile X™ € X"(f,C),
the number of fixed points of f™ contained in X™ is at most 1. This implies that for each integer
m > No/K and each k € {0, ..., K — 1}, the map p — p(k,p) from Perm(f) to Perpiiran(f) is
injective.

We claim that there exists ng € N such that for each integer m > ng, each k € {0, ..., K — 1},
and each ﬁ € Perm(f) with V,,(p) € G-, it follows that Vi rin(p(k,D)) € G, where we define
‘7((:8) =3 Lyl for each £ € N and each € S2. Indeed, by Lemma [.1|, there exists a

=0 " fi(z
sufficiently large ng € N such that for each integer m > ny,

Dk (@) + (K + N)([|a]] + [|4]]) < mKe.
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Since XK (D) contains p and p(k,p), we have SLK@(p(k,]’o\)) > STJ;KQB@) — Dk (P). Note that
Vin(D) € G- means that m~1S5,8(p) = m_IanKgﬁ(ﬁ) > Kd + Ke. Therefore,

ST rerrin @0k, D) = 81 B(p(k, D)) — (K + N)| 3|
> 1 B(P) — D (8) — (K + N)|1 ]
>mKd+mKe — Dy (@) — (K + N)| 2]
> (mK +k + N)a +mKe — D (8) — (K + N)(l|a]| + [|2])
> (mK +k+ N)a.
This implies Vi, k+k+n(p(k,p)) € G.
We now prove the lower bound.
For each integer n > N, we set m = |(n — N)/K| and write n = mK + k + N for some

integer k € {0, ..., K — 1}. By the arguments above, for each sufficiently large n € N that satisfies
m > max{Ny/K,no}, we have

Z wn(p) exp(S£d>(p)) > Z eXp(Sr]:zK+k+N¢(p))

pEPern (f) pEPer i k4N (f)
Va(p)€g Vimk +k+N(P)EG
p Z eXp(anK+k+N¢(p(k‘,ﬁ))),
pEPerm (f)
Vm (P)Ega

where {w;}jen is an arbitrary sequence of real-valued functions on S? with w;(z) € [1, deg ; (z)] for
each j € N and each = € S?. Then by Lemma

S walp)exp(SLo(p)) = emEFMIle N~ oxp(ST o (p(k, P))

pePery, (f) 5cPer,,
Vo (p)EG % (“)e(éfa)
>e @ Y e(Shod) = D ewn(Shem),
PEPerm ( j) pEPery, (:)
Vin (1/7\) €Ge Vin (Z/J\) €Ge

where C' = (K +N)||¢||oo+C1 (diamg(S?))? and C; > 0 is the constant defined in () in Lemma @
that depends only on f, C, d, ¢, and 5. Thus by (), we have

log 2 (G) =log Y wa(p)exp(Sié(p)) —log > wa(p)exp(Sio(p))

pEPery, (f) p’' €Pery, (f)
Vn(p)EG
>log Y exp(SHo() —log Y wa(p)exp(SIo()) — C
pGPerm(f) p'€Pern(f)
Vm(P)Ega
=1ogQm(G-) +log Y exp(SLA(E)) —log Y wad)exp(Sio()) - C,
P €Perpm (f) p’€Pern (f)

where {ﬁj }jeN is defined by setting w;(x) =1 for each j € N and each = € S? and replacing f with

f and ¢ with ¢ in the definition of {€2;};ey (recall (@)) Since f has an f-invariant Jordan curve
C C 52 with post f C C, Proposition m holds for f. Therefore, by Proposition @, we get

hmlnf —logQ,(9) > i lim inf — logQ (G.) + P(f ) — P(f, ¢)

n—+oo N K m—r+00 m

E liminf — logQ (ga) >

m——+00 M

S(1) = Fy(p).

N\H
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Case 3 (Iterated preimages): &, = Qp(x,) for each n € N (recall (@)), where {x,}nen is an
arbitrary sequence of points in S2.

By Lemma @ , there exists a constant NV € N depending only on f and C such that for each
integer £ > N, each m € N, and each X™& ¢ X™K(f (), there exists a preimage of z,,x ¢ under
fmEFE in inte( X ™).

We fix a point g € S? \ post f. Note that degsn(y) = 1 for each n € N and each y € f~"(z).

For each m € N, each k € {0, ..., K — 1}, and each y € f_m(azo), let XK () € X™K(f,C) be an
mK-tile that contains 7 and let y(k,7) be a preimage of ., g4+ under fETF+Nin inte(X™X (7)).
By Proposition (i), for each n € N and each X" € X"(f,C), f™|xn is a homeomorphism of X"
onto f"(X™). This implies that for each m € N and each k € {0, ..., K — 1}, the map y — y(k,y)
from f~™(20) to fTMEFN (g oo n) is injective.

By the same reasoning as in Case 2, there exists ng € N such that for each integer m > ng, each
ke{0,..., K—1}, and each § € f ™ (x) with V(7)) € G, it follows that Vi xesn(y(k, 7)) € G-

We now prove the lower bound. The proof is essentially the same as in Case 2, and we retain this
proof for the convenience of the reader.

For each integer n > N, we set m = [(n — N)/K| and write n = mK + k + N for some integer

k€{0,..., K—1}. By the arguments above, for each sufficiently large n € N that satisfies m > ny,
we have
Z wn(y) exp(Sho(y)) = Z eXp(Syme+k+N¢(y))
yELf " (an) yef RN (g Kk N)
Vn(y)eg Vink+k+N(¥)€EG
= Z eXp(STJ;KJrk+N¢(y(I€, @\)))7

??Ef*m({o)
Vin (Y)€Ge

where {w;}jen is an arbitrary sequence of real-valued functions on S? with w;(z) € [1, deg ; (z)] for
each j € N and each = € S?. Then by Lemma @,

S waly) exp(Sio(y)) = e WEMIGle N exp (ST oy (k, 7))

yef “on) GEf ™ (o)
Va(y)€g U (7)€0.
>e @ Y exp(Shie@) = Y en(Shem),
gef ™ (zo) gef~m (o)
Vi (9)€Ge Vi (9)€Ge

where the constant C' is the same as in Case 2. Thus by (@), we have

log Qn(xn) (g)

=log Y wa(y)exp(Sio(y)) —log Y wa(y)exp(SLe(y))
yeFf " (zn) y'ef~"(zn)
Va(y)€g

>log Y. exp(SLo@) —log Y wa(y)exp(Sfe(y) - C
gef ™ (xo) y'ef " (wn)
Vin () €G-

=1log Om(z0)(Ge) +1log > exp(SL(7)) —log > wal(y)exp(Se(y)) - C,

gef-m(zo) y'ef~"(wn)

where {Qj(xo)}jeN is defined by setting w; = 1g2 and x; = xq for each j € N and replacing f with f
and ¢ with ¢ in the definition of {Qj(x)}jen (recall (E)) Since f has an f-invariant Jordan curve
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C C 52 with post fC C, Proposition holds for f Therefore, by Proposition @, we get

~

hminf—logQ (x )(g)}%liminfllogﬁm( 0)(G.) + P(f ) — P(f,9)

n—+oo N m—-+oo m
= — 1 1 —_— > — F~ == .
7¢ iminf —log Qn(20)(Ge) > - F5(u) = Fy(p)
The proof is complete. O

7.4.3. End of proof of the lower bound.

Proof of Proposition [7.1( n Let G be a non-empty open subset of 77(52). Since subsets of P(S?) of
the form {,u € P(S?) : [@gdu > a} with £ € N, g € C(S%), @ € R’ constitute a base of the
weak*-topology of 77(52) we can write G as a union G = UA [N of sets of this form. For each G, it
follows from Proposition [7.15 that

hm 1nf — log &n(Gy) = sup Fy,

for each sequence {&, }nen € {{En}neN, {0 e, {Qn(z0) }nEN}- Then by Remark Q, we get

liminf 11 F, = sup Fy = —inf I,
lim inf —log £,(G) > > supsup Fy = sup Fy = —inf Iy

and complete the proof. O

7.5. Large deviation upper bound. In this subsection, we prove the upper bound (@) for all
closed sets, with the main result being Proposition m Based on a preliminary result in_Sec-
tion @, we prove_upper bounds for certain fundair ental closed subsets of P(S?) in Section
Finally, in Section We establish Proposition .

Proposition 7.16. Let f, d, ¢ satisfy the Assumptions in Section . Then for each sequence
{&}nen € {{En}neN, {0 nen, {Qn(zn) }neN} (as defined in Theorem ), we have

lim sup —logén( ) < —ir’éffd, for all closed K C P(S?),

n——+oo
where Iy: P(S?) — [0, +00| is defined in (@)

7.5.1. Construction of suitable invariant measures. We use the notations as introduced in the begin-
ning of Section

Definition 7.17. Let f, C, e satisfy the Assumptions in Section @ Consider ¢ € N and @ € C(S?)’.
For each integer n € N and each @ € R we define

P"(a@) = {P" € P"(f,C,e 0 : there exists # € P" such that n™1S,3(z) > a}.
Here P"(f,C, e ) is the set of n-pairs (recall Definition )

Lemma 7.18. Let f, C, €° satisfy the Assumptions in Section . Consider £ € N, ¢ € C(S?)*, and
@ € RY. Then_for each n € N and each x € | JP™(&) we have S,@(x) = nd — 2D, (F). Here D, (F)
is defined in (b.1]).

Proof. Let n € N and P" = X{' U X{! € P"(d) be arbitrary. It suffices to show that Snap( ) =
nd@ — 2D, (p) for each z € P™. By Definition @ there exists e” € E*(f,C) with f(e") = € such
that e” C X' N X{. We fix an arbitrary point x. € e". By the definition of P"(@), there exists xq €
P" = XPUXP such that 25,3(z0) > d. Since z. € X' N X[, we have S, 3(ze) > Sn@(20) — Dn(F).
Then for each z € P" = X' U X,

Sn@(x) 2 Sp@(xe) — Dn(P) 2 Snd(w0) — 2Dn(P) = nd — 2Dy (F).
The proof is complete. O
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The following lemma is analog to [LSZ25, Proposition 7.15]. The proof is essentially the same,
and we retain this proof for the convenience of the reader.

Proposition 7.19. Let f, C, d, ¢, B, g, eV satisfy the Assumptions in Section . We assume
in addition that f(C) C C. Consider n € N, £ € N, § € C(5?)¢, and & € R’. Suppose that for
each ¢ € {b,1} there exists P! € P"(@) such that P" C inte(X?). Then there exists a measure
€ M(S?, f) such that

/ Gapza- 22 g (JP@) < Coxp((Pulf0) — PUF.6)n).

n

where Dy, (g izsdeﬁned in (@) and C = 2C,,,, exp(Cy(diam (52))7). Here Cl, 1s the constant from
11 B3 1(1) .

Proposition and C1 > 0 is the constant defined in (B.10) in Lemma

Proof. Denote P"(d) := (JP"(d). Note that the subsystem F':= f"|pn(g) € Sub(f",C) is strongly
primitive (recall Definition ). We set Fq = F|q, where Q := Q(F,C) is the tile maximal invariant
set associated with F with respect to C. Then it follows from Propositions @ and [LSZ25,
Proposition 5.20 (ii)] that F(Q2) C Q and Q\ C # 0.

Let yo € 2\ C be arbitrary. By [LSZ25, Theorem 1.1 and Proposition 6.20], we have

(7.12) sup {hV(FQ)Jr/Snebdu} zmhrgoomlog > exp<mz_:1 Sn¢(f”k(x))>.

For the summand inside the logarithm in (), we have

(7.13) > exp<25n¢ (f7* () ) H > exp(Suo(yit)-

xng;m(yO) k=0 =0 szrlng;l(yi)

Claim. For each point y € Q\ C, we have card(Fgl(y)) = card(P"(d)), and each n-pair P" €
P"(d) contains exactly one preimage = € Fy,'(y), which satisfies z € 0\ C.

To establish this Claim, we consider an arbitrary point y € Q \ C. Without loss of generality
we may assume that y € inte(X 0). Then by Proposition B.9, we have card(f~"(y)) = (deg f)" =
card(X}'), and each black n-tile X' € X}’ contains exactly one preimage x € f~"(y), which satisfies
x € inte(X{'). Thus each n-pair P” € P"( ¥) contains exactly one preimage z € f~"(y) N P"(d),
which satisfies = € inte(P"), and we have

card(f~"(y) N P"(a)) = card(P"(&)).

Let preimage x € f~"(y) N P"(a@) be arbitrary. Noting that f~"(y) N P"(@) = (f"|pn(a)) ( ) =
F~1(y) and y € 2\ C, by Prop051t10n-, we have x € Q\ C. Since F; (y) = f™(y)NQ =
f™(y) N P™(d), the claim follows.

By the claim, we know that all the preimages y; in the summation in () belong to 2\ C.
Moreover, for each point y € Q\ C, every n-pair P" € P"(&) contains exactly one preimage x €
F; ' (y), and every preimage z € Fy, ' (y) is contained in a unique n-pair P* € P™(&). Thus by ()
we get the first two inequalities of the following:



ENTROPY DENSITY AND LARGE DEVIATION PRINCIPLES 43

yEQ\C

< 1nf eS”¢(x)>
prepn (a)

20 01 e R “’(Pn))

PrePn(ad)

)3 exp(zs (@) ) >

2€FG ™ (yo) k=0

e (f7¢)n o m
N <2C ecl(diamd(SQ))ﬁlu¢(P (a))) )

The last_inequality follows from [LSZ25, Lemmma 7.14 (i)] and the last equality follows from
Lemma B.13 and Theorem B.10 [ii), where C; > 0 is the constant defined in (@) in Lemma
Taking logarithms of both 81des, d1V1d1ng by m, and plugging the result into the previous inequality,
we get

(Y oS seme))
k=0

z€FG ™ (yo)
> log (1o (P"(@))) + nP(f,6) — (1 (diama(57)’ + 10g(2C,)).

Plugging this inequality into () yields
(7.14)

sup {hl/(FQ) + /Sn¢du} > log(pe(P™(@))) + P(f, ¢)n — (Cl(diamd(Sg))ﬁ +log(2C,.,)).
veM(Q,Fq)

By Theorem , there exists an equilibrium state i € M(Q, Fn) C M(S?, f) that attains the
supremum in ([7.14). Denote p = %Z:‘L:_ol i7i. Then p € M(S?, f) and we have

n—1 n—1
1 1 L1 _
Joan=r [Soara=r [Yoorai-y [sodn
i=0 i=0
By Lemma , we have S,@(x) > nd — 2D, (p) for each x € P"(d). Noting that supppu C Q C

P (&), we get
1 . 2D.(3
/@m=/&&m>a— nl#)

By Lemma @, we have nh,(f) = ha(f") = ha(Fq). Then

n@Aﬁ+/mm)=@wm+/&mm

> 1og (s (P"())) + nP(f,¢) — (C1(diama(5%))” +log(2Cy, ),
ie., log(pe(P™(d))) < n(Pu(f, ¢)—P(f,¢))+C1 (diamd(52))5+log(20“¢). The proof is complete. [

7.5.2. Upper bound for fundamental closed sets. We first prove the following result under the addi-
tional assumption that there exists an f-invariant Jordan curve C C S? with post f C C and then for
the general case.

Proposition 7.20. Let f, C, d, ¢, B, ue satisfy the Assumptions in Section . Consider £ € N,
G e C(S?*, and a € RY. Let K C P(S?) be a non-empty closed set of the form

K = {u e P(S?): /cﬁdu > a}.
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Then for each € > 0 and each sequence {&, }nen € {{En}neN, {Q I nen, {Qn(azn)}neN} (as defined in
Theorem ), we have

(7.15) lim sup ! log &,(K) < sup{FM,u) € P(S?), /gﬁdu >a— E},

n—-+00
where Fy: P(5%) — [—00,0] is defined in (@)

Proof of Proposition under an additional assumption. We assume in addition that there exists
an f-invariant Jordan curve C C S? with post f C C.

Let e > 0 and {&, }nen € {{Zn}neN, {Q e, {Qn(:cn)}neN} be arbitrary. We may assume without
loss of generality that the set {n € N : &,(K) > 0} is unbounded, because otherwise (E) holds
trivially. Then it follows from the definition of {¥, }nen, {Qn}nen, and {Q,(x,) }nen that for each
no € N there exists an integer n > ng and a point x € S? such that S,@(x) > na.

We first show that there exists an ergodic measure pg € M(S?, f) such that [Fdug > d—e/4. Let
ny € N be the constant from Deﬁnitiong@, which depends only on f and C. Then by Proposition
and Lemma @ , for each n € Ny and each X™ € X"(f,C), there exists a fixed point of f*™/ in

inte(X™). By Lemma [.1], there exists a sufficiently large ng € N such that for each integer n > ny,
ny (1] + 121) + Da(@) _ <
n+ny S

Then by the argument in the beginning of the proof, there exists an integer n > ng and a point
x € S? such that S,@(x) > nd. We pick an n-tile X" € X"(f,C) such that z € X™. Thus there
exists a fixed point p € X™ of f"*t"s. Noting that S,3(p) = Sn3(x) — D, (F), we have

—

SninB(p) Z Sn@(p) — nysl| Gl = Sn@(x) — nyl|Gl — Dn(P)
2 nd —ng||fll = Dn(P) = (n +ng)d@ = ngl|d]] = ngl|@]] = Dn(f).
This implies

/ﬁdvn+nf (p) =

Set 110 = Vign, (p). Then pg € M(S?, f) is an ergodic measure with [Fdug > @ —e/4.
Fix an arbitrary O-edge ¢’ € E°(f,C). By Lemma @, there exists N € N such that for each
integer n > N and each ¢ € {b, 1}, there exists P € P"(f,C,¢e") such that P C inte(X?) and

1 2 - ng(lla]l + I18l) + Dn(P) -
S, plp) = a = Q
n+ng nrns () n+ny

1 ™

sup <

xeP?

1 . N
L5 a(e) / 7 duo

n

IS

Then for each z € P,

1 € 3

=Spp(z) =2 [ Pduo — - =2 a— .

~5.8(0) > [Fdu— 5z
This implies that for each integer n > N and each ¢ € {b,w}, there exists P € P"(d — ¢/2) such
that P* C inte(X?). Therefore, it follows from Proposition [7.19 that for each integer n > N, there
exists a measure y, € M(S?, f) such that

2Dn ()

(7.16) [odmza-5=2mE (P - </2) < Comp(Funn),

where C' = 2C,,, exp(C1 (diamg(5?))?). Here C,,, is the constant from Proposition and C7 >0
is the constant defined in (E) in Lemma that depends only on f, C, d, ¢, and (5.
We split the rest of the proof into three cases according to the type of the sequence {&,}nen.

Case 1 (Birkhoff averages): &, = X, = (Vy,)«(pg) for each n € N (recall (@))
For each integer n > N, since {x € S%: V,(z) € K} C P*(d —¢/2), we have

log %, (K) = log pig({x € S? : Viu(x) € K}) < log pg(P™(d — 27 1e)).
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Thus by () and Lemma @, for each sufficiently large integer n > N that satisfies 2D,,(F)/n <
£/2, we have

log C log C

1
Llog () < Fy(un) + 22 < sup{F¢(u) e P, [Fausa- } e

Then by letting n — 400, the desired inequality follows.
Case 2 (Periodic points): &, = Qy, for each n € N (recall (E))

For each n € N and each p € Per,(f), let X"(p) € X"(f,C) be an n-tile that contains p. In
particular, if p € Per,(f) satisfies V,,(p) € K, then X"(p) C P"(a) C P"(d — ¢/2). By [Lil5,
Lemma 6.3], there exists Ny € N such that for each integer n > Ny and each n-tile X" € X"(f,C),
the number of fixed points of f™ contained in X" is at most 1. This implies that for each integer
n = Ny, the map p — X"(p) from Per,(f) to X"(f,C) is injective.

Let n € N be arbitrary. Consider p’ € Per,(f) N V"™, where V" = V"(f,(C) is the set of n-vertices.
We set X*(f,C,p/) = {X € X*(f,C) : p € X}. By Remark B.4, we have W"(p') = UX"(f,C,p)
and card(X"(f,C,p")) = 2degsn(p'), where W"(p') is defined in (@) and W"(p) is the closure of
W™ (p'). In particular, if p’ € Per,(f) satisfies V,,(p) € K, then W"(p') = JX"(f,C,p') C P™(d@) C
P™(a — e/2). Moreover, if n > Ny, then X"(p) ¢ X"(f,C,p’) for every p € Per,(f) \ V"(f,C).

We are now ready to establish the desired upper bound. Let {w;};jcn be an arbitrary sequence
of real-valued functions on S? with w;(z) € [1,degfj(a;)] for each j € N and each x € S%. For each
integer n > Ny, we have

Z wn (p)e W) < Z deg rn (p')eSno®) 4 Z Sn(p)

pEPery (f) p'E€Pery, (£)NV™ pEPern (f)\V"
Va(p)EK Va(p')ex Va(p)EK
< 3 S S L N Sl
p'€Pery, (f)NV™ XmeXn(£,C,p') pEPern (f)\V"
Va(p)ex Va(p)ek

< S S,
X"CP™(G—e/2)

X"eX™(£,C)
where we write S, d(X"™) = sup,c x» Sud(z) for each n € N and each X" € X"(f,C). Then it follows
from Proposition B.11] and Theorem that for each integer n > Ny,
Yo wn@)e P < Cue I N T (X7 = O g (PTG~ €/2)).
pePery (f) X"CP™(d—e/2)
Va(p)eK X"eX™(f,C)

By () and Lemma @, for each sufficiently large integer n > max{Ny, IV} that satisfies 2D,,(g)/n <
£/2,

log C' log C'

<sup{}7’¢,(,u):/QLEP(SQ)7 /@‘dﬂ>d’—€}+ p_—

% log 115 (P™(& — £/2)) < Fy(n) +

and therefore

+S“p{F¢(N) L€ P(S?), /cﬁdu > &—a} +P(f,¢)+M_

n
Note that as n — 400, the first term of the right hand side in the equation above converges to
—P(f,®) by Proposition @ Therefore, by letting n — +o00, the desired inequality follows.

Case 3 (Iterated preimages): &, = Qp(x,) for each n € N (recall (E))7 where {x,}nen is an
arbitrary sequence of points in S2.
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For each n € N and each y € f7"(zy), let X™(y) € X"(f,C) be an n-tile that contains y. In
particular, if y € f~"(z,) satisfies V,,(y) € K, then X"(y) C P"(a) C P™"(d — ¢/2). By Proposi-
tion , for each n € N and each X" € X"(f,C), f"|x» is a homeomorphism of X™ onto f™(X").
This implies that for each integer n € N the map y — X"(y) from f~"(z,) to X"(f,C) is injective.

Let {w;};en be an arbitrary sequence of real-valued functions on S? with w;(z) € [1,deg;(z)]

for each j € N and each = € S%. By similar arguments as in Case 2, for each sufficiently large integer
n > N that satisfies 2D,,(F)/n < €/2,

1 . . log(CC,,,)
~log D wa(y)e W < Sup{F¢(u) L p € P(S?), /wdu >ad - 6} + P(f,0) + ———,

yef " (wn)

Va(y)ex
and therefore

1 1

21 < _ =

n og Qn(xn)(lc) - log Z wn(y) exp(Sngb(y))

yef~™(wn)
log(CC,
roup{ ) s e PS), [Gdn>a—ch o+ piro)+ EO

Note that as n — 400, the first term of the right hand side in the equation above converges to
—P(f,¢) by Proposition @ Therefore, by letting n — +oo, the desired inequality follows.

The proof is complete. O
We now prove the general case.

Proof of Proposition (. By Lemma @ we can find a sufficiently high iterate f = K of f that
has an f invariant Jordan curve C C S? with post f = post f C C. Then f is also an expanding
Thurston map.

Denote & := S{{Lﬁ and ¢ == S{(qb. We define j:‘l: P(S?) — [—o0,0] by

ﬁA(y)-— N+ [édv—P(f,¢) ifve M(S2 )
R G if v € P(8%) \ M(57, ).

Recall from Subsection @ that P(]?, QAS) KP(f, ), h (]?) = Kh,(f), and quSd,u = K [¢dp for
p € M(S?, f). Then for each u € M(S2, f), we have FA( ) = KFy(u) since M(S?, f) C M(S?, .

Since P, (f ¢) = P, (f, ¢) KP(f o) = P(f, (b) it follows from Theorem B.10 - . (i) that e is the

unique equlhbrlum state for f and .
For each § > 0, let K5 C P(52) be the closed set defined by

Ks = {u € P(S?): /‘I’d,u Ka — Ka}

Let € > 0 be arbitrary. We claim that
(7.17)

sup{ﬁ(g(ﬁ) 1€ P(S?), /CI;dﬁ > Ka — KE} = Ksup{F¢(u) € P(S?), /@’du >a— 5}.
By the definitions of Fy and F P it suffices to show that
sup{ﬁa(ﬁ) D1 E M(SQ,]?), /édﬁ > Kd — KE} = Ksup{F¢,(u) cp € M(S?,f), /(ﬁd,u > d'—e}.

To see thls we consider arbltrary 0 e M(S? f) satisfying [ o du > Kd — Ke. Define p =
%Z ' f77. Then Jedu =+ L [®dfi > @ — ¢ and it follows from Lemma @ that u € M(S?, f)
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and hﬁ(f) = Kh,(f). Thus we have F\a(ﬁ) = KFy(p) and

sup{ﬁa(ﬁ):ﬁeM(SQ,f), /5dﬁ>K6€—K€}<Ksup{F¢,( )€ M(S%f / d,u>a—5}

/\

The other direction follows immediately from the facts that M(S?, f) C M(S?, f) and KFy(u) =
ﬁg(,u) for each u € M(S?, f).

We split the proof into three cases according to the type of the sequence {&, }nen.

Case 1 (Birkhoff averages): &, = X, = (Vi,)«(pg) for each n € N (recall (@))

For each integer k € {0, ..., K — 1} and each integer m € N that satisfies (||@| + ||8|))/m < /2,
we have

{ze8?:8) @) > (mK —k)a) C{xes?: S 3)>(mK - k)a—klle}
C{xes?: 8 Pz) >mka—K(|a|+ |2}
C{ze S2:m1Sf B(x) > Ka — Ke/2}.

For each n € N, we can write n = mK — k for some integer k € {0, ..., K — 1} and m € N. Then
for each sufficiently large n € N, we have

log £, (K) = log pe ({ € 52 81 3(x) > na}) < logﬁa({w e S%: m_lS,{Zé(x) > Ka — Ke/2})
~ ~ n ~ ~
= log Em(Ks/Q) < milog Zm(Ks/Q)v

where m = [n/K| and {E } is defined by replacing f with f and ¢ with gg in the definition of
{3 }]EN Since f has an f—1nvar1ant Jordan curve C C S? with post f C C, Proposition - holds
for f Therefore, by () we get

log %, 1 log (K 1 PP .
limsupw < Klimsupog(gﬂ) < sup{Fa(,u) 1€ P(S?), /<I>d,u > Ka — K&?}

n—+oo n m——+o0 m K
= sup{F(ﬁ(,u) € P(S?), /gﬁdu >a— 5}.

Case 2 (Periodic points): &, = Qy, for each n € N (recall (@))

Let N :=n; € N be the constant from Definition m which depends only on f and C. For each
n € N and each X™ € X"(f,(C), it follows from Lemma E that there exists X% ¢ XK (f,C such
that XK C inte(X™), where £ := [(n+ N)/K]. Since f(C) C ¢, it follows from Propositions
and @ that X C X0 for some ¢ € {b,10}. Define m = £ + (N/K} Then by Lemma @ , there
exists a fixed point of f™X in inte(X*X) C inte(X™).

For each n € N and each X" € X"(f,C), we fix a fixed point of f™¥ in inte(X") and denote it
by p(X™), where m = [(n+ N)/K] + [N/K]. Then for each n € N, the map X" — p(X") from
X"(f,C) to Perp,(f) is injective.

For each n € N and each p € Per,(f), let X"(p) € X"(f,C) be an n-tile that contains p. By [Lil5,
Lemma 6.3], there exists Ny € N such that for each integer n > Ny and each n-tile X™ € X"(f,C), the
number of fixed points of f™ contained in X™ is at most 1. This implies that for each integer n > Np,
the map p — X"(p) from Per, (f) to X"(f,C) is injective. Therefore, for each integer n > Ny, the
map p — P(X"(p)) from Per,(f) to Pery,(f) is injective, where m = [(n + N)/K] + [N/K] and
PIX"(p)) € inte(X"(p)).

We claim that there exists ng € N such that for each integer n > ng, each p € Per,(f) with
V. (p) € K, and each X" € X"(f,C) with p € X", it follows that V,,(p(X™)) € 165/2, where m =

[(n+ N)/K] + [N/K] and Vi(z) == 7 Ly ééf for each ¢ € N and each x € S%. Indeed, by

Lemma p.1), there exists a sufficiently large ng € N such that for each integer n > ng,
D () 4 2(K + N)([|a]l + [|8]]) < ne/2.
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Since X" contains p and p(X™), we have SLB(D(X™)) = SL@(p) — Du(@). Set m = [(n+ N)/K] +
[N/K7]. Note that 0 < mK —n < 2(N + K) and V,(p) € K means that Sj,@(p) > nd. Therefore,

SHhO(PX™) = S5 FBX™) = SIFHX™) = 2(K + N)|| 4]
S3@(B) — Dn(B) — 2(K + N)||#|

Dn(@) = 2(K + N)|[#]l
Kd = D (@) = 2(K + N)([|al] + [|£])

A\YARR\VARR\VARR VARV

This implies V,,, ((X™)) € K. o.

Let n € N be arbitrary. Consider p’ € Per,,(f) N’ V"™, where V™ = V"(f,C) is the set of n-vertices.
We set X"(f,C,p') = {X € X*(f,C) : ¢’ € X}. By Remark B.4, we have W"(p/) = JX"(f,C,7')
and card(X™(f,C,p')) = 2degs(p'), where W"(p') is defined in (B.6) and W"(p') is the closure of
W™(p'). Note that if n > Ny, then X" (p) ¢ X"(f,C,p’) for every p € Per,(f)\ V"(f,C).

We are now ready to establish the desired upper bound. Let {w;} en be an arbitrary sequence of
real-valued functions on $? with w;(z) € [1,degy;(x)] for each j € N and each = € S2.

For each integer n € N, we set m := [(n+ N)/K| + [N/K]. Note that 0 < mK —n < 2(N + K).
By the arguments above, for each integer n > max{Ny, ng}, we have

S walp) exp(S]6(p))

pEPery (f)
Va(p)eK

< > degp(@)exp(Sie)) + D exp(S]e(p))
p’'€Pery (f)NV™ pEPery, (f)\V"
Va(p')ex Va(p)ek

< 3 3 eDn(9)+Sho@BX™) D oD (@)+Sh(BX" (1))

p' EPerp (f)NV™ XneX™(f,C,p') pEPern (f)\V"
Vu(p')ek Va(p)EK

<P N exp(SS0(P))

?GPermA(f)
Vm(ﬁ)elca/Q
< P D RN+l 3 exp(gig(@)_

?EPermA(f)
Vi (ﬁ)e’CE/Q

Then by Lemma @,

S wap)exp(Siem) <€ Y exp(SLM),
€Pery (f) D T )
ek e
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where C_:= 2(N + K)||¢|l + C1(diamy(5?))? and C; > 0_is the constant defined in () in
Lemma that depends only on f, C, d, ¢, and §. Thus by ([L.9), we have

log 0 (K) =log Y wn(p)exp(Sio(p)) —log > wn(p)exp(Sio(p))

pEPern (f) p'€Pery(f)
Va(p)EK
<log Y exp(8L0() —log Y wa(p)exp(SLo()) +C
PePery () p'€Pern (f)
Vi (P)EK. /2
=log O (K.pp) +log > exp(SLo(@) —log > wa(p)exp(Sio(p)) +C,
7' EPerm () p'€Pern(f)

where {SAZJ }j oy 18 defined by setting w;j(z) = 1 for each j € N and each = € S? and replacing f with

f and ¢ with ¢ in the definition of {Qz EjeN (recall (@)) Since f has an f-invariant Jordan curve

C_C S? with post fg C, Proposition holds for f Therefore, it follows from Proposition @ and
(F.19) that

. 1 1. 1 ~ = 1~
lim sup - log 2, (K) < 174 lim sup — log 2, (K, 2) + EP(f, o) — P(f,9)

n——+o00 m——+oo T
1

< Ksup{ﬁ(g(ﬁ) € P(S?), /5dﬁ > K&—K&}

—sup{ Folp) € (), [ c

Case 3 (Iterated preimages): &, = Qpn(x,) for each n € N (recall (@)), where {x,}nen is an
arbitrary sequence of points in S2.

We fix a point zg € S2.

Let N :=n; € N be the constant from Definition , which depends only on f and C. For each
n € N and each X" € X"(f,C), it follows from Lemma that there exists a preimage of xg
under ™ in inte(X™), where m = [(n+ N)/K]. We fix a preimage of of 2o under f™¥ in inte(X"™)
and denote it by y(X™). Then for each n € N, the map X" — y(X") from X"(f,C) to f_m(xo) is
injective.

For each n_€ N and each y € f~"(x,), let X"(y) € X"(f,C) be an n-tile that contains y. By
Proposition @, for each n € N and each X™ € X"(f,C), f"|xn is a homeomorphism of X" onto
f™(X™). This implies that for each integer n € N, the map y — y(X"(y)) from f~"(z,) to J?*m(xg)
is injective, where m = [(n+ N)/K| and y(X"(y)) € inte(X"(y)).

By similar arguments as in Case 2, there exists ng € N such that for each integer n > ng, each
y € f(z,) with V,,(y) € K, and each X™ € X"(f,C) with y € X™, it follows that V,,(J(X")) € 165/2,
where m = [(n+ N)/K].

Let n € N be arbitrary. Consider ¥’ € f~"(z,) N V™, where V" = V(f,C) is the set of n-vertices.
We set X"(f,C,y) = {X € X"(f,C) : ¥ € X}. By Remark @, we have W"(y') = UX"(f,C,9)
and card(X"(f,C,y')) = 2degn(y'), where W™(y') is defined in (@) and W"(y') is the closure of
W™(y'). Note that X"(y) ¢ X"(f,C,y) for every y € f~"(z,) \ V*(f,C).

We now prove the upper bound. The proof is essentially the same as in Case 2, and we retain this
proof for the convenience of the reader.

Let {w;}jen be an arbitrary sequence of real-valued functions on S? with w;(z) € [1,deg,(z)]
for each j € N and each # € S2. For each integer n € N, we set m := [(n + N)/K|. Note that



50 ZHIQIANG LI AND XIANGHUI SHI

0 <mK —n < N+ K. By the arguments above, for each integer n > ng, we have

> waly)exp(S]e(y))

yefin(xn)
Va(y)eK
< Y wa@exn(Sio))+ Y. exp(Sié(y)
Yy Ef T (xn)NV™ yEf M (zn)\ V"
Vo (y')ex Vn(y)ex
< Z Z Dn(@)+5ho@X™) Z oD (9)+SLe@(X " (1))
yef " (xn)NV" XX (f,Cy') YEF ™ (xn)\ V™
Va(y')ek Vi (y)EK
<P N exp(STo(D))
el (o)
Vi (9)€K. /2
< P DENHR e 7 exp(S1.(9)).
gel " (o)
Vm(:/L/\)GICE/2

Then by Lemma @,

Y wamexp(Slow) <€ Y exp(SLA@)),
YES () gef—m(z0)
Valy)ek U ()€K /o

where the constant C' is the same as in Case 2. Thus by (@), we have

log O, (z,)(K)

=log > wa(y)exp(Siey)) —log Y wa(y)exp(Se(y))
yefin(xn) yef~"(xn)
Va(y)ek

<log > exp(SLo(@) —log Y. waly)exp(Sié(y)) +C
gefm (wo) yEf"(wn)
Vi ()€K /2

=log Quu(w0)(Kepo) +log Y exp(SLo(F)) —log > waly)exp(SLo()) + C,

gef—m(zo) y'ef " (zn)

where {(Alj(azo)}jeN is defined by setting w; = 1g2 and x; = xq for each j € N and replacing f with f

and ¢ with ¢ in the definition of {jSxz ) }ien (recall (E)) Since f has an f-invariant Jordan curve

C_C S? with post ]?Q C, Proposition holds for f Therefore, it follows from Proposition @ and
(F.19) that

~ ~

. 1 1. 1 ~ 1~
lirﬁilif —log O (2)(K) < 7 %ii‘ig —log Qi (w0)(Key2) + - P(f, ¢) = P(f, 4)
1 ~ -
< Ksup{F(g(ﬁ) € P(S?), /<I> du > Ka — Ka}
= sup{F¢(u) € P(S?), /@'d,u >a— 5}.

The proof is complete. O
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7.5.3. End of proof of the upper bound.

Proof of Proposition . Let K be a closed subset of P(S?). Let G C P(S?) be an open set
containing K. Since P(S?) is metrizable and compact in the weak*-topology (see for example,
[Wal82, Theorems 6.4 and 6.5]) and K is compact, we can choose € > 0 and finitely many closed sets
K1, ..., Ks of the form K; = {u €P(S?): [@du = d'j} with ¢; € N, g; € C(58%)%, and aj € RS
so that K C (Jj_, K; € Uj—, Kj(e) € G, where Kj(e) = {p € P(S?) : [@jdu > d; —e}. For each
je{l, ..., s}, it follows from Proposition M that

1
limsup —log &, (K;) < sup Fy.
n .

n—+00 Kj(e)

for each sequence {fn}nEN € {{Zn}nEN, {Qn}nEN, {Qn(mn)}nEN}' Hence,

1 K 1 ° 1 K;
lim sup M < limsup — log &, <U le> < max limsup m < max sup Fy < sup Fy.
n g

n——+o00 n n—+00 =1 1<G<s n—4o00 n 1<y<s K;(e)
Since G is an arbitrary open set containing K, it follows from Remark Q that

1
lim sup - log &,(K) < glrglfcsgpF(z, glgifc SLglp( Iy) H,éf Iy,

n—-+4o0o

where the last equality is due to the lower semi-continuity of 1. O

7.6. Proof of large deviation principles. In this subsection, we finish the proof of Theorem @
and its corollaries, Corollaries and @

We record the following well-known lemma, sometimes known as the Portmanteau Theorem, and
refer the reader to [Bill3, Theorem 2.1] for a proof.

Lemma 7.21. Let (X,d) be a compact metric space, and p and p;, for i € N, be Borel probability
measures on X. Then the following statements are equivalent:

(i) ps N W as i — +00;
(ii) limsup p;(E) < pu(E) for each closed set E C X;
1—+00
(iii) ljerinf wi(G) = u(QG) for each open set G C X;
1—r+00
(iv) 'liin wi(B) < u(B) for each Borel set B C X with u(0B) = 0.
1—r+00

Proof of Theorem .

By Propositions [7.10
14 as defined in )

By Theorem , Mg is the unique minimizer of the rate function Iy.

To prove that {&,}nen converges to d, , in the weak® topology, by Lemma and , it
suffices to show that limsup,,_,_, o &,(K) < 0 for each closed set K C P(S?)\ {ug}. Let K be a closed
set in P(S?) with p, ¢ K. Indeed, since I, is lower semi-continuous, non-negative, and it vanishes
precisely on {4} by Theorem [7.5, the infimum of I on K is attained at some point of I, and thus
infic I, > 0. Therefore, it follows immediately from the large deviation upper bounds that

We fix arbitrary sequence {&, }nen € {{Zn}neN, {0 }nen, {Qn(azn)}neN}.
and , {&n }nen satisfies a large deviation principle with the rate function

lim sup 1 log&n(K) < —infly <0
n—+oo M K
and lim,,_, 4 &, (K) = 0.
To prove the last statement of the theorem, let G C P(S?) be a convex and open set containing
an invariant measure g'. Since the rate function I is lower semi-continuous, and since it takes finite
values precisely on the compact set M(S2, f) by (@), there exists u € G N M(S?, f) such that
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I4(p) = infg 1. For each t € (0,1), put p; = (1 —t)u+ty', and note that y, € M(S?, f) and py € G
see for example, [Sch71, 1.1, p. . Since I, is convex (recall Remar , we have
f le, [Sch71], 1 38]). Si Iy 11 R k h

mf I, < hm 1nf Ip(pe) < Ip(p) = inf I.
g
This shows that infg Iy = inf§I¢. Hence, G is a I4-continuity set and the last assertion of the

theorem follows immediately from ([7.3) in Subsection
The proof is complete. O

We now prove the corollaries of Theorem @, as stated in Corollaries @ and @
Proof of Corollary . Fix u € M(S?, f) and a convex local basis G, at u. We show that (@) in

Corollary holds. Since the rate function I is lower semi-continuous (recall Remark [1.4), we get
-1, = inf —1I,) = inf (—infIy).
oK) GeG, " g sup(—1s) glencu( il 1)
Then it follows from (@) in Theorem [1.3 that

—Iy(p) = inf { lim —logpqg({x € 5% )€g}) }

GeG, | n—toon

_ mf{ im tlog Y wn(p) eXp S”¢ ))}

GeG, | n—+oo n
pEPern(f),Va(p)€g

ey Y wbene)

GeGy (n—otoon
yef ™ (xn),Va(y)€G

where we write Z,(¢) = >_,cper,, (1) Wn () exp(Sn@(2)) and Z;,(¢) = 3, ¢ p=n(y,) Wn(Y) exp( o(y)).
Note that by Propositions @gand we have P(f, ) = lim,, s o0 + ~log Z,(¢) = limy, sy oo + ~log Z),(¢).
Thus (1.9) holds. 0

Proof of Corollar . The first assertion follows immediately from Theorems @ and @

To establish (@), we congider an arbitrary interval K C R that intersects (cy, dy). Note that the
rate function J defined by (@) is bounded on [cy,dy] and constantly equal to +00 on R\ [cy, dy].
Furthermore, it follows from the convexity of I that J is convex on R, and therefore continuous on
(cy,s d@ This implies that infjp gy J = infg J since K N (cy,dy) # 0. Thus (@) follows from (EI)
and ([7.2).

Note that () follows immediately from the definitions of I, and Fj, (see (@) and (@)) We
now assume that 1 is Holder continuous with respect to the visual metric d. Consider arbitrary
a € (cy,dy) and € > 0. To show that J(a) = J(a), we define G. = Ute(a—e,ate) K(t), where

K(t) = {1/ € P(S?): /wdy = t}.
Then for each p € K(a), the open set G- C P(S?) contains y, and it follows from (@) that

I fsup Fy = f inf(—Fy) = inf inf (—Fy) = inf  J(%).
o(p) = ég“ Sup Fy = sup iy inf(—Fy) > inf(—Fy) e ;ggt)( o) = W (t)
Mimicking the proof of [LSZ25, Proposition 7.1 (iii)], we can show that the function J defined in ()
is continuous on (cy,dy) (although [LSZ25, Proposition 7.1 (iii)] additionally assumes that i) = ¢,

the proof for the general case is verbatim the same). This implies that inf,c(,—c o) J(t) = J(a) as
€ — 0. Thus we conclude that

Ty = i L) > T(e) > (@)

This completes the proof. O
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7.7. Equidistribution with respect to the equilibrium state. We finish this section with an
equidistribution result, as a consequence of level-2 large deviation principles.

Proof of Theorem . Recall that V,(z) = 1 S0 8 pi(y) for z € 5% and n € N as defined in (EI)

n

For each n € N and each open set G C P(S5?), we write
ZH(G) = Z wn(y)e¥ W) and  Z7(G) = Z wy (1) W),
yef = (@n),Va(y)€G yef (), Va (y)¢9

Let G, be a convex local basis of P(S?) at pus. We fix an arbitrary convex open set G € G,

Recall that py is the unique minimizer of the rate function I, by Theorem [7.§. Then it follows
from Corollary that for each u € P(S?) \ {ug}, there exist numbers a, < P(f,¢) and N, € N
and an open neighborhood G,, C P(5?) \ {ue} containing p such that for each n > N,
(7.18) Z(G,) < exp(nay,).

Since P(S?) is compact in the weak* topology by Alaoglu’s theorem, so is P(S?) \ G. Thus there
exists a finite set {y; : i € I} C P(S?)\ G (where I is a finite index set) such that
(7.19) P(SH\G <G

el
Set a = max{ay, : i € I}. Note that a < P(f,¢). Applying Corollary @ with 1 = 4 and noting
that I4(pe) = 0 (recall ([L.4) and ([..5) in Theorem [L.3), we get

1
: < lim — (9).
(7.20) P(f,6) < lim_log 7 (0)
Combining () with Proposition @, we get that the equality holds in () So there exist
numbers b € (a, P(f,¢)) and N > max{N,, : i € I} such that for each integer n > N,
(7.21) Z1(G) > exp(nb).

We claim that every subsequential limit of {1, }nen in the weak* topology lies in the closure G of
G. Assuming that the claim holds, then since G € G, is arbitrary, we get that any subsequential
limit of {v, }nen in the weak® topology is pg, i.e., vy, i g as m — +00.

We now prove the claim. We first observe that for each n € N,

wn(y) exp(Snd(y))
Vp = — Vn
2 Zra+z© "V

yef~m(wn)

_ Z,(9) y wn(y) exp(Sno(y))
oot X Heez W

yef T (xn), Vo ()G
where

/ wn(y) exp(Sno(y))
n = Z Vo (y).
yef 7" (2n),Va(y)€g Z (9)

Note that since a < b, it follows from (), (), and () that

Z, (9) < I M< lim card(I) exp(na)

< = 0.

0< nstoo Z5(G) T notoo  ZF(G) T notoeo exp(nb) 0
So limy, 1 o % = 1, and that the total variation
3 wa(y) exp(Snd(y)) |, (y)H
_l’_ — n
vei @ Vaw)gs 2" G)+ 2 (9)
> wn (y) exp(Snd ()| Va (vl 7-(a
B i CONAC)g <  (G) 0

Zi(G) + Zn (G)
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as n — +o0o. Thus a measure is a subsequential limit of {v, },en if and only if it is a subsequential
limit of {v}, }nen. Note that for each n € N, v/, is a convex combination of measures in the convex
set G, so v/, € G. Hence each subsequential limit of {1, },en lies in the closure G of G. The proof of
the claim is complete now.

By similar arguments as in the proof of the convergence of {v;,},en above, with Proposition @

replaced by Proposition @, we get that u, i g aS M — +00. O
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